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LA COURBURE CONFORME D'UNE STRUCTURE DE CONTACT 
QUATERNIONIENNE ET STRUCTURES LOCALMENT PLATES. 

STEFAN IVANOV AND DIMITER VASSILEV 

Abstract. A tensor invariant is defined on a quaternionic contact manifold in terms of tfic cur- 
vature and torsion of the Biquard connection involving derivatives up to third order of the contact 
form. This tensor, called quaternionic contact conformal curvature, is similar to the Weyl con- 
formal curvature in Riemannian geometry and to the Chern-Moser tensor in CR geometry. It is 
shown that a quaternionic contact manifold is locally quaternionic contact conformal to the stan- 
dard flat quaternionic contact structure on the quaternionic Heisenberg group, or equivalently, to 
the standard 3-sasakian structure on the sphere iff the quaternionic contact conformal curvature 
vanishes. 

Un tenseur est dcfini sur une varicte avec une structure de contact quatcrnionienne en utilisant 
la courbure et la torsion de la connexion de Biquard. Ce tenseur, appelee la courbure conforme 
d'une structure de contact quaternionienne, ne dependent que des derives de la troisieme ordre 
de form de contact et qui est similaire a la courbure de Weyl dans le cas riemannienne et a 
le tenseur de Chern-Moser dans la geometrie CR. II est demontrc que une structure de contact 
quaternionienne est localement conforme a la structure de contact quaternionienne plate sur le 
groupe de Heisenberg, ou encore, a la structure 3-sasakienne sur la sphere quaternionic si et 
seulement si la courbure conforme de contact quaternionienne est nuUe. 
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1. Introduction 

It is well known that the sphere at infinity of a non-compact symmetric space M of rank one 
carries a natural Carnot-Caratheodory structure, see [M, P]. A quaternionic contact (qc) structure, 
introduced in [Bicjl, Biq2], appears naturally as the conformal boundary at infinity of the quater- 
nionic hyperbolic space. Such structures have been considered in connection with the quaternionic 
contact Yamabe problem, [GVl, Wei, IMVl, IMV2]. A particular case of this problem amounts 
to find the extremals and the best constant in the FoUand-Stein Sobolev-type embedding, [Fo] 
and [FSt]. A complete description of the extremals and the best constant on the seven dimensional 
quaternionic Hcisenbcrg group was given in [IMV2]. 

A qc structure on a real (4n+3)-dimensional manifold M is a codimension three distribution H 
locally given as the kernel of 1-form r/ ~ (?/i, ^72, ^ya) with values in K'^ and the three 2-forms drjiln 
are the fundamental 2-forms of a quaternionic structure on H, i.e., there exists a Riemannian metric 
g on H and three local almost complex structures li on H satisfying the commutation relations of 
the imaginary quaternions, /1/2/3 = —1, such that, dijiln = 2g{Ii., .) . The 1-form ry is determined 
up to a conformal factor and the action of 5*0(3) on R^, and therefore H is equipped with a 
conformal class [g] of Riemannian metrics and a 2-sphere bundle of almost complex structures, the 
quaternionic bundle Q. The 2-sphcrc bundle of one forms determines uniquely the associated metric 
and a conformal change of the metric is equivalent to a conformal change of the one forms. To 
every metric in the fixed conformal class one can associate a linear connection V preserving the qc 
structure, see [Bicjl], which we shall call the Biquard connection. 

The transformations preserving a given quaternionic contact structure 77, i.e. fj ~ fi^^rj for a 
positive smooth function ^ and a iS'0(3) matrix '5 with smooth functions as entries, are called 
quaternionic contact conformal (qc conformal for short) transformations. 

Examples of QC manifolds are given in [Biql, Biq2, IMVl, Dl, AFIV]. In particular, any totally 
umbilic hypersurface of a quaternionic Kahler or hyper Kahler manifold carries such a structure 
[IMVl]. A basic example is provided by any 3-Sasakian manifold which can be defined as a (4n + 3)- 
dimensional Riemannian manifold whose Riemannian cone is a hyper Kahler manifold. It was 
shown in [IMVl] that when the horizontal scalar curvature Seal of the Biquard connection (qc 
scalar curvature for short) is positive the torsion endomorphism of the Biquard connection is the 
obstruction for a given qc-structure to be locally 3-Sasakian. 

The quaternionic Hcisenbcrg group G (H) with its " standard" left-invariant qc structure is the 
unique (up to a 5'0(3)-action) example of a qc structure with flat Biquard connection [IMVl]. As 
a manifold G (H) = H" x Im H, while the group multiplication is given by 

{q\uj') = {qo,uJo) o (q^uj) = {qo + q,uj + Uo + 2lmqoq), 

where q, qo G H" and uj,uJo G ImH. The standard flat quaternionic contact structure is defined by 
the left-invariant quaternionic contact form = (Oi, O2, O3) = ^ {du — q' ■ dq' + dq' ■ q'), 
where . denotes the quaternion multiplication. 

The aim of this paper is to find a tensor invariant on the tangent bundle characterizing locally 
the qc structures which are quaternionic contact conformally equivalent to the flat qc-structure. 
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With this goal in mind, wc describe a curvature-type tensor W'^'^ defined in terms of the curvature 
and torsion of the Biquard connection by (4.14) involving derivatives up to second order of the 
horizontal metric, whose form is similar to the Weyl conformal curvature in Riemannian geometry 
(see e.g. [E]) and to the Chern-Moser invariant in CR geometry [C'liM], see also [Wl]. We call W"^ 
the quatemionic contact conformal curvature, qc conformal curvature for short. The main purpose 
of this article is to prove the following two facts. 

Theorem 1.1. The qc conformal curvature W'^'^ is invariant under quatemionic contact conformal 
transformations. 

Theorem 1.2. A qc structure on a (^n+3)-dimensional smooth manifold is locally quatemionic 
contact conformal to the standard flat qc structure on the quatemionic Heisenberg group G (H) if 
and only if the qc conformal curvature vanishes, W'^'^ = 0. 

The quatemionic Cayley transform establishes a conformal quatemionic contact isomorphism 
between the standard 3-Sasaki structure on the punctured sphere and the standard qc 

structure on G (H) [IMVl], which combined with Theorem 1.2 gives 

Corollary 1.3. A QC manifold is locally quatemionic contact conformal to the standard 3-Sasakian 
sphere S^"^^ if and only if the qc conformal curvature vanishes, W'^ = 0. 

We note that for locally 3-Sasakian manifolds a curvature invariant under very special quatemionic 
contact conformal transformations, which preserve the 3-Sasakian condition, is defined in [AK]. It is 
shown that the vanishing of this invariant is equivalent to the structure being locally isometric to the 
3-Sasaki structure on the sphere. In particular, this shows that the standard 3-Sasakian structure 
on the sphere is locally rigid with respect to qc conformal transformations preserving the 3-Sasakian 
condition. 

We consider the question of local flatness in its full generality following the classical approach used 
by H.Weyl, see e.g. [E], while [C'liM], [Wl] and [AK] followed the Cartan method of equivalence. 
Indeed, Theorem 1.1 and Theorem 1.2 could be deduced following the Cartan method of equivalence 
as in [ChM]. Vice versa, the Chern-Moser tensor [CliM] can be determined (c.f. [IVZ]) as an 
obstruction to the pseudohermitian flatness following the approach used in the present paper. 

Remark 1.4. Following the work of Cartan and Tanaka, a qc structure can he considered as an 
example of what has become known as a parabolic geometry. The quatemionic Heisenberg group, as 
well as, the (4n+3) dimensional sphere, due to the Cayley transform, provide the flat models of such 
a geometry. It is well known that the curvature of the corresponding regular Cartan connection is the 
obstruction for the local flatness. However, the Cartan curvature is not a tensor field on the tangent 
bundle and it is highly nontrivial to extract a tensor field involving the lowest order derivatives of 
the structure which implies the vanishing of the obstruction. Theorem 1.2 suggests that a necessary 
and sufficient condition for the vanishing of the Cartan curvature of a qc structure is the vanishing 
of the qc-conformal curvature tensor, W'^'^ — 0. 

In the concluding section of the paper we apply our results in a standard way to show a Ferrand- 
Obata type theorem concerning the conformal quatemionic contact automorphism group. Such 
result was proved in the general context of parabolic geometries admitting regular Cartan connection 
in [F]. 

It is expected that the conformal quatemionic contact curvature tensor will be a useful tool in 
the analysis of the quatemionic contact Yamabe problem, see [Biql], [Wei], [IMVl] and [IMV2]. 
According to [Wei] the qc Yamabe constant of a compact qc manifold is less or equal than that 
of the sphere. Furthermore, if the constant is strictly less than that of the sphere the qc Yamabe 
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problem has a solution, i.e., there is a global qc conformal transformation sending the given qc 
strueture to a qe structure with constant qe scalar curvature. A natural conjecture is that the 
qc Yamabe constant of every compact locally non-flat manifold (in conformal quaternionic contact 
sense) is strictly less than the qc Yamabe constant of the sphere with its standard qc structure. 
Recall that the qc Yamabe constant of {M, [q]) is 

A(Af, M) = inf{T(ii) = / (4^^^ |Vup + Scsdu^)dvg: [ u^' dvg = 1, w > 0}. 

Here dvg denotes the Riemannian volume form of the Ricmannian metric on M obtained by extending 
in a natural way the horizontal metric associated to 77 and | . | is the horizontal norm. Guided by the 
conformal and CR cases the tensor W"^ should be instrumental for the proof of the above conjecture. 

Remark 1.5. After the paper was posted on the arXiv, Kunkel [Ku] constructed quaternionic contact 
parabolic normal coordinates and showed that the only non-trivial scalar invariant of weight at most 
four is the square of the horizontal norm of the qc conformal curvature. This fact suggests that 
a suitable asymptotic expansion of the qc Yamabe functional could give an expression of the qc 
Yamabe constant in terms of the qc Yamabe constant of the sphere and the horizontal norm of the 
qc conformal curvature leading to a proof of the above conjecture. 

Two examples where Theorem 1.2 applies are given in [AFIV]. 
Consider the simply connected Lie group Gi with structure equations 

del ^0 ^^2 ^ _gl2 _ 2e34 _ ie37 ^ 1^46 

2 2 

de^ = -6^3 + 2e24 + 1^27 _ ie^s de^ = -e" - 26^-^ - ^e^^ + -e^^ 
2 2 2 2 

de" = 2ei2 + 2e34 ^ ie^^, de"^ = 2e'^ + 2e^^ + ^e" de^ = 2e'^ + 26^3 _ ie^e 

where, as usual, e*-' denotes e' Ae^ . It is shown in [AFIV] that H = span{e^, . . . , e^}, 771 = e^, 772 = 
e^, 773 = e^, uji — e^^ + e'^^, uj2 = e^^ + e^^, UJ3 ~ e^* + e^'' determine a (global) qc structure 
on Gi, for which the torsion endomorphism of the Biquard connection vanishes, but the qc-structure 
is not locally 3-Sasakian since the qc scalar curvature is negative. Furthermore, the qc conformal 
curvature vanishes, W'^'^ = 0, hence due to Theorem 1.2, the considered qc structure on Gi is locally 
qc conformally equivalent to the flat qc structure on the 7-dimensional quaternionic Heisenberg 
group. 

Another example is provided by the simply connected Lie group G3 with structure equations 

2 2 4 4 4 8 

de^ = + + ie^" - -e^^ + ^e^^ de^ = 2ei2 + 26^4 + _ ^26 ^ 1^67 
2 2 4 2 

de^ = 2ei3 + 2e42 + de' = 2e" + 26^3 - e^^. 

A global qc structure is determined by 77 = span{e^ , . . . , e^}, 771 = e^, 772 = e^, 7/3 = e^, wi = 
gi2 _|_ g34^ _ gi3 _|_ g42^ _ gi4 _j_ g23^ ^^as casc, by [AFIV], the torsion endomorphism 

and the qc conformal curvature do not vanish. In particular, this qc structure on G3 is not locally 
qc conformally flat according to Theorem 1.2. 

Organization of the paper. The paper relies heavily on the Biquard connection introduced in 
[Biql] and the properties of its torsion and curvature discovered in [IMVl]. In order to make the 
present paper self-contained, in Section 2 we give a review of the notion of a quaternionic contact 
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structure and collect formulas and results from [Biql] and [lAIVl] that will be used in the subsequent 
sections. 

Convention 1.6. We use the following conventions: 

a) We shall use X, Y, Z, U to denote horizontal vector fields, i.e. X, Y, Z,U € H ; 
h) {ei, . . . , 64,1} denotes an orthonormal basis of the horizontal space H ; 

c) The summation convention over repeated vectors from the basis {ei,...,e4„} will be used. For 
example, for a (0, 4) -tensor P , the formula k P(ef,, Ca, Ca, eb) means k = Yl,,^.b=i ^i'^b, 

d) The triple {i, j, k) denotes any cyclic permutation of (1,2,3). In particular, any equation involving 
i,j, k holds for any such permutation. 

e) s and t will be any numbers from the set {1,2,3}, s,t £ {1,2,3}. 

Acknowledgements The research was done during the visit of S.Ivanov in the Max-Plank- 
Institut fiir Mathematics, Bonn and the final draft of the paper was prepared with both authors 
residing at MPIM, Bonn. The authors thank MPIM, Bonn for providing the support and an excellent 
research environment. S.I. is a Senior Associate to the Abdus Salam ICTP. The authors also like 
to acknowledge The National Academies for the financial support, and University of Sofia and 
University of California Riverside for hosting the respective visits of the authors which contributed 
in the writing of the paper. S.I. is partially supported by the Contract 082/2009 with the University 
of Sofia 'St.Kl.Ohridski' and Contract "Idei", DO 02-257/18.12.2008. 

2. QUATERNIONIC CONTACT MANIFOLDS 

In this section we will briefly review the basic notions of quaternionic contact geometry and recall 
some results from [Biql] and [IMVl]. 

For the purposes of this paper, a quaternionic contact (QC) manifold {M,g,Q) is a 4n + 3 
dimensional manifold M with a codimcnsion three distribution H equipped with a metric g and an 
Sp(n)Sp(l) structure, i.e., we have 

i) a 2-sphere bundle Q over M of almost complex structures Is '■ H ^ H, 1^ = — 1, 
satisfying the commutation relations of the imaginary quaternions /1/2 ~ — ^2-^1 — I3 and 
Q = {ah + bh + ch : a'^+b^ + c^ = 1}; 

ii) H is locally the kernel of a 1-form 77 = 772, Vs) with values in R'^ satisfying the compati- 
bility condition 2g{IsX,Y) = dris{X,Y). 

A QC manifold {AI,g,Q) is called quaternionic contact conformal ( qc-conformal for short) to 
(M, g,Q) ii g G [g]. In that case, if 77 is a corresponding associated one- form with complex structures 
Is, we have fj ~ fi'i! rj for some 4* G 50(3) and a positive function fi. In particular, starting with 
a QC manifold (AI, 77) and defining fj ^ firj we obtain a QC manifold (AI, fj) qc-conformal to the 
original one. 

On a quaternionic contact manifold there exists a canonical connection defined in [Bi(il] when 
the dimension (An + 3) > 7, and in [D] in the 7-dimensional case. 

Theorem 2.1. [Biql] Let (Af, g,Q) be a quaternionic contact manifold of dimension 4r;, + 3 > 7 
and a fixed metric g on H in the conformal class [g] . Then there exists a unique connection V with 
torsion T on M'*"^'^ and a unique supplementary subspace V to H in TAI , such that: 

i) V preserves the decomposition H ®V and the Sp{n)Sp{\)- structure on H; 
ii) for X,Y G H, one has T{X,Y) = - [X,Y]\v; 

Hi) for ^ G the endomorphism T{C,.)\H of H lies in {sp{n) ® sp{l))^ C gl{An); 
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We shall call the above connection the Biquard connection. Biquard [Bitil] also described the 
supplementary subspace V, namely, locally V is generated by vector fields {^1,^2,^3}, such that 

(2.1) Vsi^k) = Ssk, {£,s^dT]s)\H = 0, {(,s^d'i-ik)\H = -{^k^dr]s)\H- 

The vector fields ■^1,^2,^3 are called Reeb vector fields or fundamental vector fields. 

If the dimension of M is seven, the conditions (2.1) do not always hold. Duchemin shows in 
[D] that if we assume, in addition, the existence of Reeb vector fields as in (2.1), then Theorem 2.1 
holds. Henceforth, by a qc structure in dimension 7 we shall mean a qc structure satisfying (2.1). 

Notice that equations (2.1) are invariant under the natural SO{3) action. Using the triple of Reeb 
vector fields we extend p to a metric on M by requiring span{^i, ^2, ^3} ^ V J- H and g{£,s,^k) = Ssk- 
The extended metric does not depend on the action of 50(3) on V, but it changes in an obvious 
manner if rj is multiplied by a conformal factor. Clearly, the Biquard connection preserves the 
extended metric on TA/, Vg = 0. We shall also extend the quaternionic structure by setting Is\v = 0. 
The fundamental 2-forms ujg of the quaternionic structure Q are defined by 

(2.2) 2u,\H - dr^H: O^s ^ 0, ^ & V. 
Due to (2.2), the torsion restricted to H has the form 

(2.3) T{X, Y) = ~[X, r]|y = 20.1 (X, Y)^i + 2lo2{X, r)^ + 2c^3(^, Y)^^. 

The properties of the Biquard connection are encoded in the properties of the torsion cndoniorphism 
= T(^, .) : H ^ H, ^ G y. Recall that any endomorphism of i7 can be decomposed 
with respect to the quaternionic structure (Q, g) uniquely into ^^(ri)- invariant parts as follows 
Hi = + vl/+ + + \I/ where ^+++ commutes with all three li, commutes 

with Ii and anti-commutes with the others two and etc. The two S'p(n)S'p(l)-invariant components 
are given by 

(2.4) *[3] =*+++, ^-f^i] + +*--+. 

Denoting the corresponding (0,2) tensor via g by the same letter one sees that the Sp{n)Sp{l)- 
invariant components are the projections on the eigenspaces of the Casimir operator 

(2.5) t = h(^h + h^h + h®h 

corresponding, respectively, to the eigenvalues 3 and —1, see [CSal]. If n = 1 then the space of 
symmetric endomorphisms commuting with all 7i, i = 1, 2, 3 is 1-dimensional, i.e. the [3]-component 
of any symmetric endomorphism ^' on H is proportional to the identity, '^[s] — -^Id\fj. 

Decomposing the endomorphism G {sp{n) + .sp(l))^ into symmetric part and skew- 
symmetric part 6^, = + b^, we summarize the description of the torsion due to O. Biquard in 
the following Proposition. 

Proposition 2.2. [Biql] The torsion is completely trace-free, 

trT^ = g{T^ea,ea) = 0, trT^o I ^ g{T^ea,Iea) leQ. 

The symmetric part of the torsion has the properties: 

TlL = -IsTl , l2T°;- = /iT°-+- , J3r°-+- = /2T°-^^ , hTl—+ = hT°;-- . 

The skew- symmetric part can be represented as follows b^^ Is u, where u is a traceless symmetric 
(l,l)-tensor on H which commutes with /i,/2,/3. 

If n = 1 then u vanishes identically, n = and the torsion is a symmetric tensor, T^ ~ T^ . 

The sp(l)-connection 1-forms are defined by V/^ = —aj(i)Ik-\-OLk®Ij, or equivalently determined 
with V^i — —aj (X) ^fc + Qffc (g) The vanishing of the sp(l)-connection 1-forms on H is equivalent 
to the vanishing of the torsion endomorphism of the Biquard connection [IMVl]. 
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2.1. The Ricci type tensors. Let R = [V, V] — V[ j be the curvature tensor of V. We shall denote 
the curvature tensor of type (0,4) by the same letter, R{A, B, C, D) := g{R{A, B)C, D), A, B,C,D G 
T(TM). The Ricci tensor and the scalar curvature Seal of the Biquard connection, called qc-Ricci 
tensor and qc-scalar curvature, respectively, are defined by 

Ric{X, Y) = R{ea, X, Y, Ca), Seal = Ric{ea, Ca) = R{eb, ea,ea, et). 

The curvature of the Biquard connection admits also several horizontal traces, defined in [IMVl] by 

4np,{X,Y)^ RiX,Y,ea,Isea), 4nr,(X, F) = i?(ea, /^e,, X, F), AnUX,Y) = R{ea, X,Y, I,ea). 

The sp(l)-part of R is determined by the Ricci 2-forms by 

(2.6) R{A,B,^,,^j)=2pk{A,B), A,B &T{TM). 

According to [Biql] the Ricci tensor restricted to is a symmetric tensor. If the trace-free part of 
the qc-Ricci tensor is zero we call the quaternionic structure a qc-Einstein manifold [IMVi]. It is 
shown in [IMVl] that the trace part of these Ricci type contractions is proportional to the qc-scalar 
curvature and the trace- free part of pa, t^, Cs vanish for exactly when the manifold is qc-Einstcin 
(see also Theorem 2.4 below). 

With the help of the operator f we introduced in [IMVl] two S'p(n)S'p(l)-invariant trace-free 
symmetric 2-tensors T", U on H as follows 

(2.7) T\X,Y)''^ g{{Tlh+Tlh + Tlh)X,Y), C/(X, F) =^g(uX, F). 

The tensor belongs to the [-l]-eigenspace while U is in the [3]-eigcnspace of the operator f , i.e., 
they have the properties: 

(2.8) T°(X, Y) + T^ihX, hY) + T^ihX, hY) + T^{hX, I3Y) = 0, 

(2.9) 3U{X, Y) - UihX, hY) - UihX, hY) - U{hX, hY) = 0. 

As customary, we let T{A,B,C) = g{TAB,C) = g{T{A,B),C), A,B,C e r{TM). 
Applying Proposition 2.2 and equation (2.8), we obtain the following 

Proposition 2.3. The symmetric part of torsion endomorphism of Biquard connection satisfy the 
relations 

(2.10) Ag(TlhX,Y) = AT'^H,, hX,Y) = T°{X,Y) - rO(/,X,/,y). 

It is shown in [IMVl] that all horizontal Ricci type contractions of the curvature of the Biquard 
connection can be expressed in terms of the torsion of the Biquard connection. With slight mod- 
ification based on Proposition 2.3 we collect some facts from [IMVl, Theorem 1.3, Theorem 3.12, 
Corollary 3.14 and Proposition 4.3] in the next 
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Theorem 2.4. [IMVl] On a (4n + Z)- dimensional QC manifold, n > 1 the next formulas hold 



Ric{X,Y) 
Cs{X,IsY) 



(2n + 2)rO(X, Y) + (4n + 10)(7(X, Y) + ^9{X, Y) 

-\\t\X, Y) + T\hX, hY)] - 2UiX, Y) - ^^g{X, Y), 
2 L J 8n[n + 2) 



n + 2r 



2n 
2n+l 



T\X,Y)+T\l,XJsY) 
1 



Seal 



in{n + 2) 



9{X,Y), 



Seal 



^ T°{X,Y) + ^T^'ilsXJsY) + ^-^U{X,Y) . , 
An ^ ' ^ An ^ ' ' 2n ^ ' ^ i6n(n + 2) 

Seal 



9iX,Y) 



« f ^o^^'^— [e-e,]H Seal = _8n(n + 2)<?(T(a,6),6) 
8n[n + 2) 

-pk{hX,£,,) = ~Pk{I,X,i,) 



For n = 1 the above formulas hold with U = Q. 

In partieular, the qc-Einstein eondition is equivalent to the vanishing of the torsion endomorphism 
of the Biquard connection. If Seal > the latter holds exactly when the qc-structure is 3-sasakian 
up to a multiplication by a constant and an SO{3) -matrix with smooth entries. 

We derive from [[IMVl], Theorem 4.8] 

Proposition 2.5. [IMVl] On a qc manifold the following formula holds 



(2.11) (n - l){VeT°){ea, X) + 2{n + 2)Ve„[/)(e„, X) - 



(ri-l)(2n + l) 
8r7,(n + 2) 



d{Scal){X) = 0. 



2.2. Quaternionic Heisenberg group and the quaternionic Cayley transform. Since our 
goal is to classify quaternionic contact manifolds locally conformal to the quaternionic Heisenberg 
group we recall briefly its definition together with the definition of the quaternionic Cayley transform 
as described in [IMVl, Section 5.2]. As a manifold the quaternionic Heisenberg group of topological 
dimension 4ri, + 3 is G (H) = H" x ImH. The group law is given by {q' ,uj') = {qo, ujo) o (q, = 
(Qo + q,i-o + lOq + 2 Im qoq), where q, qo G H" and lu,lUo G ImH. We can identify the group 
G (H) with the boundary S of a Sicgel domain in H" X H, S = {{q' ,p') e W" xM ; 5R p' = \q'\'^}. 
The Siegel domain E carries a natural group structure and the map ((?, i— >■ {q, \q\'^ — G T, is an 
isomorphism between G (H) and E. 

On the group G (H), the standard contact form, written as a purely imaginary quaternion valued 
form, is given by 20 ~ (cLu — q ■ dq + dq ■ q), where • denotes the quaternion multiplication. 



(2.12) 



ei 

§2 
§2 



dx - x°-de 



fdx" 



1 

2 

^dy - y^dt" + z^dx 



dz 



z^dt" 



z'^dy'' + y^dz" 
fdy"" - x'^dz" 
y'^dx" + x^dy" + fdz". 



Since dp = q ■ dq + dq ■ q — duj, under the identification of G (H) with E we also have 
29 = -dp' + 2dq' ■ q'. 

The left invariant fiat connection on G (H) coincides with the Biquard connection of the qc man- 
ifold (G (H), Q) and, conversely, any qc manifold with fiat Biquard connection is locally isomorphic 
to G(H) [IMVl]. 
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The Cayley transform is the map 6 : 5 ^ S from the sphere S — {\q\^ + |pp = 1} C H" x H 
minus a point to the Heisenberg group S, with C defined by 

{q',p') = e ((g,p)), q' = {l+p)-'q, V = (l+p)"' H - p) 
and with an inverse map {q,p) = 6^^ given by 

q - 2{l+p')-' q', P = {l-p'){l+p')-'- 

The unit sphere S carries a natural qc structure fj = dq ■ q + dp ■ p — q ■ dq ~ p ■ dp which has zero 
torsion and is 3-Sasakian up to a constant factor. In [lAIVl] it was noted that the Cayley transform 
is a quaternionic contact conformal diffeomorphism between the quaternionic Heisenberg group with 
its standard quaternionic contact structure Q and S \ {(—1, 0)} with the structure ij 

|i + p r 

where A = | is a unit quaternion. 

3. Curvature and the Bianchi identities 

Recall that an orthonormal frame 

{ei,e2 = /iei,e3 = /2ei,e4 = /sCi . . . , e4„ = /3e4n-3, 6, 6^ 6} 
is a qc-normal frame (at a point) if the connection 1-forms of the Biquard connection vanish (at that 
point). Lemma 4.5 in [IMVl] asserts that a qc-normal frame exists at each point of a QC manifold. 

In general, to verify any S'p(n) S'p(l)-invariant tensor identity at a point it is sufficient to check it 
in a qc-normal frame at that point. Further, we work in a qc-normal frame. 

Let b{A, B, C) denote the Bianchi projector, 

(3.1) b{A,B,C):^ {{^aTKB,C) + T{T{A,B),C)], A,B,CeT{TM), 

{A,B,C) 

where b c) denotes the cyclic sum over the three tangent vectors. With this notation the first 
Bianchi identity reads as follows 

(3.2) i^R{A,B,C,D)^ = g{h{A,B,C),D^ A, B,C, D e r{TM). 

{A,B,C) 

Theorem 3.1. On a QC manifold the curvature of the Biquard connection satisfies the equalities: 

3 

(3.3) R{X, Y, Z, V) - R{Z, V,X,Y) = 2Y, [^s{X, Y)U{hZ, V) - lo,{Z, V)U{hX, Y) 

3 

-2^ [c^,(X, Z)T\i,,Y, V)+u,s{Y, V)T\i,, X)-u,{Y, Z)T\i,X, V)~u,{X, V)T°{i„Z, Y) 

s=l 

(3.4) 3i?(X, y, Z, V) - R{hX, hY, Z, V) - R{hX, hY, Z, V) - R{hX, hY, Z, V) 

= 2 [g{Y, Z)T\X, V) + g{X, V)T\Z, Y) - g{Z, X)T\Y, V) - g{V, Y)T^iZ, X) 

3 

^ 2 Y [^s{Y, Z)T\X, hV) + LOs{X, V)T"{Z, hY) - u,{Z, X)T%Y, hV) ~ lo,{V, Y)T%Z, hX) 

s=l 

-f ^ [2us(X, Y) (r'^iZ, /,y)-TO(/,Z, T/)) -8us{Z, V)U{IsX, Y)-^-^^^ujs{X, Y)uj,{Z, V) 
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(3.5) i?(C„ X, F, Z) = -(VxU)ihY, Z) + u,{X, Y)pk{hZ, ^0 - ^fe(X, Y)p, (J,Z, 6) 



(Vyr")(/,z,x) + (Vyr")(z,/,x)J + -[(VzT")(/,y,x) + (Vzr")(y,/,x) 

L^j(X, Z)pfc(/,y,e.) +Wfc(X,^)P,(/^>^,e^) - Wj(>",^)Pfc(^^^,e.) +Wfc(>^,^)Pj(^»^,?.) 



(3.6) i?(c„c„x,r) = (v^.[/)(/,x,y) - {v^^u){hx,Y) 



1 r 

4 



(Ve.T°)(/,x,r) + (v^.T°)(x,/,y)J + -[(v^^r°)(/,x,y) + (v^^.rO)(x,/,y) 



(VxPfe)(/,;r,6) 



Seal 



8n{n + 2) 
where the Ricci 2-forms are given by 

1 



T(a, X, y) - T{^j,X, ea)T{i,,ea,Y) + T(0, e,, r)r(C„ X, e,), 



3(2n+ l)p,(C„X) - -(Ve„rO)[(ea,X) -3(/.ea,/^X)J - (Ve„[/)(X,ea) 



(3.7) 



2n+ 1 
16n(n + 2) 



X(S'ca/) 



3(2n + l)p.(4.X,0) = -3(2n+ l)p,(/,X,a) = - g^^^j^^''^^ ^\ {Scal) 



+ 4 (Ve„rO) [(471 + l)(ea, X) + 3(/,ea, /,X)J + 2(71 + l)(Ve„ U){X, e^). 
Proof. The first Bianchi identity (3.2) yields [Biql] 

(3.8) R{A, B, D) - R{C, D, A,B) = ^ g{b{A, B, C), D) g{b{B, D),A) 

- i g{b{A, C, D), B) - ^ ( b{A, B, D), C) , A,B,C,D€ T{TM). 

With the help of Proposition 2.2 and equation (2.3) the identity (3.3) follows. 
Recall the following equality [IMVl, Lemma 3.8] 



(3.9) 



R{X, Y, I,Z, I,V) = R{X, r, Z, V) - 2p,{X, Y)uj,{Z, V) - 2pfc(X, Y)uju{Z, V). 



Taking into account (3.3) and (3.9), the properties of the torsion listed in Propositions 2.2 and 2.3, 
together with equations (2.8), (2.9) and (2.10) we find 

(3.10) R{X, r, Z, V) - R{hX, hY, Z, V) - 2c^,(X, y)pj(Z, V) + 2iOk{X, Y)pk{Z, V) 

Auj,{X, Y)U{I,Z, V) + Aujk{X, Y)U{hZ, V) - Auj,{Z, V)U{IjX, Y) - Aujk{Z, V)U{hX, Y) 

+ 2 [.g(y, Z)T''{^,,hX, V) + g{X, V)T\^,,I,Z, Y) - g{Z, X)T\^,,hY, V) - g{V, Y)T''{^,,hZ, X) 

+ 2 [lo,{Y, Z)T"(e,, X, V) + u;,(X, V)T''{^,,Z, Y) - u;,(X, Z)T°{^,,Y, V) ~ lo,[Y, V)T°{^,, Z, X) 
1 



1 

2 
1 

2 
1 

+ 2 



{Y, z) (r°(x, i,v) - T'^ihx, hV)) + ujk{Y, z) (t°(x, hv) + r°(/.x, /,y) 
,(x, F) (rO(y, /,z) - rO(/,y, 4Z)) + ^^(x, f) (t°{y, hz) + rO(/,y, /,z)) 
;(x, z) (T°(y, /,y) - T\i,Y, hV)) + L^fc(x, z) (r"(y, 4-^) + r°(/,r, /,i/)) 

Ljj{Y, V) (t\X, IjZ) - T'\hX, IkZ)) + ujkiY, V) (tO(X, hZ) + T\hX, IjZ) 



Now, equality (3.4) follows from (3.10) and Theorem 2.4. 
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Invoking (3.1) and applying (2.3) and Theorem 2.4 we have 

(3.11) b{^,,x,Y,z) = -(Vxr)(c„y,z) + (VyT)(6,x,z) 

+ 2l,,{X, Y)pu[hZ, - 2L0k{X, Y)p,{hZ, U). 

A substitution of (3.11) in (3.8) impUes (3.5). 

If we take the trace in (3.5) and apply the sixth formula in Theorem 2.4 we come to 

(3.12) np,(e„X) = i(Ve„rO)[(e,,X) - {heaJ^X)\ - ip,(/,X,e.) - ^-p,{hX,^k). 
Summing (3.12) and the last formula in Theorem 2.4, we obtain 

(3.13) {n + l)p.(e.,X) + \p^{hX,i,) ^ i(Ve„T°)[(e,,X) - {he^J.X)] + g^^^- 
The second Bianchi identity 

(3.14) {i^AR){B,C,D,E)+R{TiA,B),C,D,E)} ^0 

{A,B,C) 

and (2.3) give 

3 

(3.15) [(^xRmz,V,W) + 2Y^s{X,Y)R{^,,Z,V,W)\^0. 

iX,Y,Z) s=l 

We obtain from (3.15) and (2.3) that 

(3.16) (Ve„i?)(X, r, Z, ca) - iS7xRic){Y, Z) + {VyRicKX, Z) 

3 

- 2 Y [R{is,Y, Z, hX) - R{Cs,X, Z, hY) + io.iX, Y)Ric{^s, Z) = 0. 

s=l 

Letting X ~ ea,Y = IjCa in (3.15) we find 

(3.17) (Ve„i?)(/,e„ Z, V, W) + 2n{Vzn){V, W) 

+ 2(271 - l)R{^^,Z, V, W) + 2Ri(j,IkZ, V, W) - 2R{(k, IjZ, V, W) = 0. 

After taking the trace in (3.17) and applying the formulas in Theorem 2.4 we come to 



(3.18) (2n-l)p,(6,X)-2p,(/feX,e,) 
1 



(Ve„T")(ea,X) + (Ve„T")(/,ea,/.X) - ( Ve„ C/) (X, e^) + 



2n- 1 



-X{Scal). 



16n(n + 2)' 

Now, (3.13) and (3.18) yield (3.7). 

Finally, from (3.1) and an application of (2.3) and Theorem 2.4 we verify that (3.6) holds. □ 

As consequence of Theorem 3.1 we obtain the next important Proposition. 

Proposition 3.2. A QC manifold is locally isomorphic to the quaternionic Heisenherg group exactly 
when the curvature of the Biquard connection restricted to H vanishes, = 0. 

Proof. Taking into account [IMVl, Proposition 4.11], in order to see the claim it is sufficient to show 
that the (full) curvature tensor vanishes. From R\^ = we can conclude, cf. [IMVl, Proposition 4.2, 
Proposition 4.3, Theorem 4.9], that the vertical distribution V is involutive and 



(3.19) 
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Applying (3.19) to (3.5) and (3.6) allows us to conclude R(C,X,Y,Z) R{Ci,^j,X,Y) ^ 0. 
Furthermore, (2.6) yields R{X,Y,^,,^j) = 2pk{X,Y) = 0, RiX,^,^,,^,) - ^Pk{X,C) = 0, and 
4ni?(5s, ^t, ^i, ^j) = 8npk{£,s,^t) = 2R{£,s,&,ea, hea) = 0, which ends the proof. □ 

4. QUATERNIONIC CONTACT CONFORMAL CURVATURE. PROOF OF THEOREM 1.1 

In this section we define the quaternionic contact conformal curvature and prove Theorem 1.1. 

4.1. Conformal transformations. A conformal quaternionic contact transformation between two 
quaternionic contact manifold is a diffeomorphism $ which satisfies $*7] = fi ■ t] for some positive 
smooth function /i and some matrix £ 50(3) with smooth functions as entries, where rj = 
(^i5??2,%)* is considered as an element of M'^. The Biquard connection does not change under 
rotations, i.e., the Biquard connection of \1/ • 77 and 77 coincides. Hence, studying qc conformal 
transformations we may consider only transformations $*ry = p rj. 

We recall the formulas for the conformal change of the corresponding Biquard connections from 
[IMVl]. Let /i be a positive smooth function on a QC manifold (M, 77). Let fj = ^77 be a conformal 
deformation of the QC structure 77. We will denote the objects related to 77 by over-lining the same 
object corresponding to 77. Thus, ^77 = dh Arj + -^drj, g = -^g. 

The new triple {^17^2163)1 determined by the conditions (2.1) defining the Reeb vector fields, is 
= 2/1 + IsVh. The horizontal sub-Laplacian and the norm of the horizontal gradient are 
defined respectively by A /i = tr^^iVdh) = Vc?/i(eQ,, e„), |V/ip = d/i(eQ,) dft,(ea). The Biquard 
connections V and V are connected by a (1,2) tensor S, 

(4.1) VaB ^VaB + SaB, A,Ber{TM). 

Condition (2.3) yields g{SxY, Z)-g{SYX, Z) = -h-^ Yll=i ^s{X, Y)dh{IsZ), while Vg = implies 
g{SxY, Z) + g{SxZ, Y) = ~h~^dh{X)g(Y, Z). The last two equations determine giSxY, Z), 

3 

(4.2) g{SxY, Z) = -{2h)-\dh{X)g{Y, ^) - ^ dh{hX)LOs{Y, Z) 

s=l 

3 3 

+ dh{Y)g{Z,X) + ^dh{IsY)LOs{Z,X) - dh{Z)g{X,Y) + ^dh{IsZ)ojs{X,Y)}. 

s = l s=l 

Using Theorem 2.1 we obtain after some calculations 

(4.3) Y) ~ 2hgm,X, Y) - g{S^^X, Y) 

= -Vdh{XJiY) + h-^{dh{hX)dh{l2Y) - dh{l2X)dh{hY)). 

The identity ^ yields Vdh{X,Y) - Vdh{Y,X) = ~dh{T{X,Y)). Applying (2.3), we have 

3 

(4.4) Vdh{X, Y) = [Vd/7][,^„] (X, Y)-Y, dh{^,)uj4X, F), 

where [.][si,m] denotes the symmetric part of the corresponding (0,2)-tensor. Decomposing (4.3) into 
[3] and [-1] parts according to (2.4), using the properties of the torsion tensor Tj. and (2.7) we come 
to the next transformation formula [IMVl] 

(4.5) ff(%X, r) = -i - Vdh{X, UY) + Vdh{hX, Y) - Vdh{IjX, hY) + Vdh{hX, IjY) 

- {2h)-^ \dh{IkX)dh{IjY) - dh{IjX)dh{IkY) + dh{I,X)dh{Y) - dh{X)dh{IiY 

+ i- {-Ah + 2h-^\Vh\'')uj,{XX)-dh{ik)LOj{XX)+dh{ij)ojk{XX)- 
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4.2. Quaternionic contact conformal curvature. Let {M,g,Q) be a (4n+3)-diniensional QC 
manifold. We consider the symmetric (0,2) tensor L defined on H by the equahty 



(4-6) LiX, Y) = (^i?-[-i, + ^(^^-[3,[o, 



f 



32n{n + 2) 



Scalg]{X,Y) 



lr»(xy, + a(A-,y) + 35^.(x,n 



where i?ic[_i] is the [-f]-part of the Ricci tensor and i?ic[3][o] is the trace-free [3]-part of Ric and we 
use the identities in Theorem 2.4 to obtain the second equahty. 
Let us denote the trace-free part of L with Lq, hence 



(4.7) 



We employ the notation for the Kulkarni-Nomizu product of two (not necessarily symmetric) 
tensors, for example, 

icJs®L){X, Y, Z, V) := iOsiX, Z)L{Y, F)+w,(r, V)L{X, Z)-w,(y, Z)L(X, V)~LOsiX, V)L{Y, Z). 
We also note explicitly that following usual conventions we have 

IsL {X, Y) = g{IsLX, Y) = -L(X, hY). 
Now, define the (0,4) tensor WR on H as follows 

3 

(4.8) WR{X, Y, Z, V) - R{X, Y, Z, V) + [g ® L) (X, F, Z,V)+Y, (^^ IsL) (X, Y,Z,V) 

s=l 

-\Y. ^^{X,Y)\L{Z,W) ^ L{hZ,V) + L{I,Z,IkV) ~ L{hZ,IjV) 



J2 ^siZ, V) \LiX, I,Y) - LilsX, Y)] + —(trL) ^ (X, Y)u;, {Z, V), 



where j k) denotes the cyclic sum. 

A substitution of (4.6) and (4.7) in (4.8), invoking also (2.8) and (2.9), gives 



(4.9) WRiX, Y, Z, V) ^ R{X, Y, Z, V) + {g & Lo){X, Y, Z, V) + ^(c^, ® /.Lo)(^, Y, Z, V) 

s=l 

--Y\^s{x,Y)\T\z,hv)-T\isZ,v)]+LOs{z, ^){T°(x,/,y)-r°(/,x,r)-4t/(x,/,,r)} 

3 

^""^ [{g®g){X,Y,Z,V) + Y,({uj,(!3Lo,){X,Y,Z,V) + ^uj,{X,Y)uj,{Z,V) 



32n(n-h2) 



s=l 



Proposition 4.1. The tensor WR is completely trace-free, i.e. 



Ric{WR) = ps{WR) = T,{WR) ^ Cs{WR) = 0. 
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Proof. Proposition 2.3, (2.8), (2.9) and (4.6) imply the following identities 
(4.10) rO(6, /s^, Y)^l- \l{X, Y) - L{hX, hY 



(4.11) U{XX) 



1 



1 



L{X, Y) + L{hX, hY) + L{hX, hY) + L{hX, I3Y) - -tr L g{X, Y) 
4: L n 

(4.12) T(e„ X, Y) = -^[L{hX, Y) + L{X, W)\ + U{hX, Y) 

= -^L{IX,Y) - Il{X,W) - ImXJ.Y) + ^L{I,X,hY) - ^{tr L) g{ia,Y). 
After a substitution of (4.10) and (4.11) in the first four equations of Theorem 2.4 we derive 

Ric(X, Y) = ^"^^ tr L g(X, Y) 
2n 

^8n+ll ^^^^ r) + ^ [l{I,X, hY) + L{I,X, I,Y) + L{hX, hY) 

pdX.Y) = L{X,I,Y) - L{hX,Y) - ^trLuj,{X,Y) 

In 



(4.13) 



n{X,Y) ^ trLuj,{X,Y) 

n 



n + 2 
2n 



L{UX, Y) - L{X, hY) + L{hX, IjY) - L{I,X, hY) 



QiX,Y) 



271-1 

-^trLc..iX,Y) 



8n 



L{hX, Y) - ^I^L{X, hY) + ^ [L{hX, hY) - L{hX, hY) 



Taking the corresponding traces in (4.8), using also (4.13), we can verify the claim. 



□ 



Recalling the definitions (2.4) of the two S'p(n)5p(l)-invariant parts of an endomorphism of H 
and comparing (4.9) with (3.4) we obtain the next Proposition. 

Proposition 4.2. On a QC manifold the [-l]-part with respect to the first two arguments of the 
tensor WR vanishes identically, 

3 



{X, Y, Z,V)^j 3WR{X, Y, Z,V) -J^ WR{hX, hY, Z, V) 



= 0. 



The [3]-part with respect to the first two arguments of the tensor WR coincides with WR and has 
the expression 

1 r ^ 

(4.14) WR{X, Y, Z, V) = WRi3] {X, Y, Z,V) = - WR{X, Y, Z,V) WR{hX, hY, Z, V) 



s=l 



R{X, Y, Z,V)+Y. ^' '^)\-\Y. ^-(^' ^) ^-^) ~ T\hX, Y 

s=l 

Seal 



3 



+ 



32n(n + 2) 



(5 ® 5) {X, Y, Z,V)+Y1 ® ) ^' ^' ^) 

s=l 

3 

+ (5 © [/) (X, y, z, F) + ^ (w« © [/) {X, Y, z, V) . 



Definition 4.3. We denote with W'^'^ the tensor W R considered as a tensor of type (1,3) with respect 
to the horizontal metric on H, g{W'^'^{X,Y)Z,V) = WR{X,Y, Z,V) and call it the quaternionic 
contact conformal curvature. 
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4.3. Proof of Theorem 1.1. The relevance of WR is partially justified by the following Theorem. 



Theorem 4.4. The tensor WR is covariant while the tensor W'^'^ is invariant under qc conformal 
transformations, i.e. if 

f] = {2h)-^^rj then 2hWRr-, = WR^j, Wf = W^'', 

for any smooth positive function h and any S0{3)-matrix 5*. 

Proof. After a standard eomputation based on (4.1), (4.2), (4.5), and a suitable computer program 
the relation between the curvature tensors R and R was computed by I.Minchev [M] and presented 
to us in 10 pages. After a careful study of the structure of the equation we put the output in the 
following form 

(4.15) 2hg{R{X, Y)Z, V) - g{R{X, Y)Z, V) 



-g © M{X, y, Z,V)-Y, ujs ® {IsM){X, Y, Z, V) 



1 



- u;,iX,Y)[M{Z,I,V) - M{I,Z,V) + M{I,Z,hV) - M{hZ,I,V) 

(»j,fc) 

3 

g{Z, V) \m{X, Y) - M{Y, X)] + ^ w,(Z, V) \m{X, hY) - M{Y, hX) 

3 



s=l 



^ itrM)J2^s{X,Y)Lu,{Z,V) + ^ Au[uj,iX,Y)LUkiZ,V)~LJkiX,Y)iOj{Z,V) 



where the (0,2) tensor M is given by 

(4.16) M{X, Y)^^ (vdh{X, Y)-^ [dh{X)dh{Y) + ^ dh{hX)dh{hY) + ^g{X, r)M/ip]) 

s—l 

and trM = M{ea,ea), Mg = M{ea, Is^a) are its traces. Using (4.16) and (4.4), we obtain 

(4.17) trM ^ {2h)-^(^Ah- {n + 2)h-^\dh\^y Ms ^ -2nh-^dh{^s)- 

After taking the traces in (4.15), using (4.16) and the fact that the [3]-component (V(i/i)[3] of Wdh 
on H is symmetric, we obtain 



2n 3 Scot 

(4.18) Ric-Ric = 4(?i + l)i\/[,^,„] + 6M[3] + trM g, - Seal = 8{n + 2)trM. 



2n 

The 5'p(n)S'p(l)-invariant, [-1] and [3], parts of (4.18) are 
(4.19) {Ric - Ric)[_i] (n + l)M[sy,n][-i], {Ric - i?ic)[3] = 
The identities in Theorem 2.4, equations (4.18) and (4.19) yield 



2h 



2n + 5 



[3] 



2r7. + 3 
2n 



{trM)g. 



(4.20) Mu 



1 



4(n + l) 
^4(n+l) 



1 



-Ric 



2n + 3 



2(2n + 5)""'"^'^l 32?i(n + 2)(2n + 5) 

1 2n + 'i 

Ric\_u H — -Ric\-3] 



2(2n + 5) 



2 32?7,(n + 2) 



32n(n + 2)(2n + 5) 
1 



Seal g 
Seal g 



Seal 



Seal 

-T° + [/ H 

2 32n(n + 2) ' 
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Now, from (4.16) and (4.4) we obtain 

1 ^ 

(4.21) M{X,Y) = M[,y„,]{X,Y) - —J2dh{^sps{X,Y). 

s=l 

Substituting (4.20) in (4.21), inserting the obtained equality in (4.15), and using (4.17) completes 
the proof of Theorem 4.4. □ 

At this point, a combination of Theorem 4.4 and Proposition 4.2 ends the proof of Theorem 1.1 
as welL 



5. Converse problem. Proof of Theorem 1.2 

Suppose W'^''' = 0, hence WR = 0. In order to prove Theorem 1.2 we search for a conformal 
factor such that after a conformal transformation using this factor the new qc structure has Biquard 
connection which is flat when restricted to the common horizontal space H. After we achieve this 
task we can invoke Proposition 3.2 and conclude that the given structure is locally qc conformal 
to the flat qc structure on the quaternionic Heisenberg group G (H) . With this considerations in 
mind, it is then sufficient to find (locally) a solution h of equation (4.21) with M^^yj^] ~ ^L. In fact, 
a substitution of (4.21) in (4.15) and an application of the condition W'^'^ = = WR allows us to 
see that the qc structure ^=^11 has flat Biquard connection. 

Let us consider the following overdetermined system of partial differential equations with respect 
to an unknown function u 

3 

(5.1) \7du{X,Y) = -du{X)du{Y) + ^\du{IsX)du{IsY) - du{^s)^s(X,Y) 



s=l 



^giX,Y)\Vu\^ - LiX,Y) 



1 . ,2 



(5.5) Vdu{^k,^^) = -B(a,^,) +B(/,du,efe) - 2du(^,)du{^k) + T7jr7^n^rf"(0)- 



(5.2) \7du{X,^,)=B{X,^,)-L{X,hdu) + -du{I,X)\\7u\ 

- du{X)du{^,) - du{I^X)du{^k) + du{IkX)du{^j 

(5.3) Vdu(6,6) = -B(6,6) +B(/,d«,e.) + J|Vw|4 - {du{C^)f + idu{Cj)f + idu{^k)f, 

(5.4) Vrfu(0, 6) = -B(e„ CO + Wrdu, e,) - 2du{^,)du{£,j) - _^f^rfu(&) 

Seal 
16n(n + 2)' 

Here the tensor L is given by (4.6). The tensors B(X, C^) andB(Ci,Cj) do not depend on the unknown 
function u and are defined in terms of L and its first and second horizontal (covariant) derivatives 
in (5.10) and (5.24), respectively. If we make the substitution 

2u = hi ft., 2hdu = dh, Vdh = 2hVdu + Ahdu ® du, 

in (4.16) we recognize that (4.21) transforms into (5.1). Therefore, our goal is to show that 
equation (5.1) has a solution, for which it is sufficient to verify the Ricci identities (see below). 
However, if equation (5.1) has a smooth solution then (5.2)-(5.5) appear as necessary conditions, so 
we considered the complete system (5.1)-(5.5) and reduced the question to showing that this system 
has (locally) a smooth solution. 



CONFORMAL QUATERNIONIC CONTACT CURVATURE AND THE LOCAL SPHERE THEOREM 



17 



The integrability conditions for the above considered over-determined system are furnished by 
the Ricei identity 

(5.6) \7^du{A,B,C)-V^du{B,A,C) = -R{A,B,C,du)-Vdu{{T{A,B),C), A,B,C e T{TM). 

Since (5.6) is S'p(n)S'p(l)-invariant it is sufficient to check it in a qe-normal frame. 

The proof of Theorem 1.2 will be achieved by considering all possible cases of (5.6) and showing 
that the vanishing of the quaternionic contact conformal curvature tensor W'^'^ implies (5.6), which 
guaranties the existence of a local smooth solution to the system (5.1)-(5.5). The proof will be 
presented as a sequel of subsections, which occupy the rest of this section. 

5.1. Case 1, X,Y,Ze H. Integrability condition (5.9). 

When we consider equation (5.6) on H it takes the form 

(5.7) y^du{Z, X, Y) - V^du{X, Z, Y) = -R{Z, X, Y, du) 

- 2loi{Z, X)\/du{^i,Y) - 2uj2{Z, X)\/du{^2,Y) - 2uj3{Z, X)Vdu{^3, Y), 

where we have used (2.3). The identity d^u ~ gives 

(5.8) Vdu{X,^,) - Vdui^s,X)) = du{T{C„X)) = Ti^s,X,du) 

After we take a covariant derivative of (5.1) along Z G H, substitute the derivatives from (5.1) and 
(5.2), then anti-commute the covariant derivatives, substitute the result in (5.7) and use (4.8) with 
WR = we obtain, after some standard calculations, that the integrability condition in this case is 



(5.9) iVzL){X,Y)-iVxL)iZ,Y) 



^ [^^Z, y)B(X, 6) - LOsiX, Y)M{Z, C,) + 2lo,,{Z, X)M{Y, ^s) 



For example, we check below that the term involving uJi{Z,X) is 2IB(y,^i). Indeed, the coefficient 
of 0Ji{Z,X) in (5.7) is calculated to be 



L{Y, hVu) - L{hY, Vu) + L{hY, hVu) - L(hY, hVu) 



Seal 



167i(n + 2) 



du{IiY) 



- 2\7du{^i,Y) + du{IiY)\Vu\^ - 2du{£,i)du{Y) - 2du{^3)du{l2Y) + 2du{£,2)du{hY) 



T°(Y,IiVu)~T"{IiY,Wu) 



Seal 



■ du{IiY) + 2L{Y, hVu) + 2du{T{^i, Y)) + 2M{Y, ) 



16n(n + 2) 

T"(r, /i Vu) - T°(/iy, Vu) + r"(r, hVu) + 2U(Y, hVu) + 2 du{T°{^i,Y)) + U{IiY, Vu 

+ 2B(r,a) = 2B(y,ei), 

where we used (5.8), (4.6) and the properties of the torsion described in (2. 8), (2. 9) and Proposi- 
tion 2.3. 

At this point we determine the tensors B(X, ^s). Thus, we take the traces in (5.9) which give the 
next sequence of equalities 

(Ve„i)(/,e„/,X) = (4n+ l)B(/,X,e.) -B(/,X,e,) -B(4X,Cfe) 

3 , ,3 



^B(/,X,C.) = i {\7xtrL~{V,^L)iea,X] 



(5.10) 



s=l 



1 



4?! - 



s=l 



6) = 



{V,^L){I,ea,X) + - ( (V,„L)(e„/,X) - Vi^xtrL 



2(2n + 1) 

where the second equality in (5.10) is precisely equivalent to (2.11) 
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Wc turn to a useful technical 
Lemma 5.1. The condition (5.9) is equivalent to 

iVzL){X,Y)-{VxL){Z,Y)=0 mod 3,^^1,^.2,^3- 
Proof. The condition of the lemma implies 

(5.11) iVzL)iX, Y) ~ iVxL){Z, Y) = g(Z, Y)C{X) - g{X, Y)C{Z)+ 

3 

[^s{z, y)B(x, 6) - LOs{x, r)B(z, 6) + 2c., (z, x)b{y, 6)] , 

s=l 

for some tensors C(X), i?(X, ^s) due to the vanishing of the cyclic sum ^f^z x Y)\-i'^ zL){X,Y) — 
{VxL){Z, Y)] = 0. Taking traces in (5.11) wc obtain 

(Ve„£)(/,e„/,X) = (4n+ l)B(/,X,e.) -B(/,X,^,) -l(4X,e&) + C(/,X) 

3 

(Ve„L)(ea,X) - VxtrL = ^(~3B(/,X, ^,) + (4?i - l)C(X)) 

s=l 

3 3 

^(Ve„L)(/.e„/,X) = ^(4n - 1)B.(/,X, C,) + C(/,X) 

s=l s=l 

The last two equalities together with (2.11) and its consequences (5.10) yield 



(5.12) (4n - lfC{X) + 3 ^ C(/,X) = 0. 

s=l 

Solving the linear system (5.12), we see {{An - 1)"* + ?,'^)C{X) = 0. Hence, C{X) =0. □ 
Proposition 5.2. IfW'^'^ = then the condition (5.9) holds. 
Proof. Suppose W'^'^ = 0, use (3.16) and apply (4.8) to calculate 

(5.13) (Ve„i?)(X,r,Z,e,) = -{VyL){X,Z) + {VxL){Y,Z) 

3 

+ Y1 [{^hYL){X,hZ)-{Vi^xL){Y,I,Z) + {Vi^zL){X,IsY)-{Vi^zL){IsX,Y)\ mod g,uj,. 

s=l 

Substituting (4.10), (4.11) in (3.5) we come to 

3 

(5.14) -2^ [i?(e.,r,z,/sX)-i?(c„x,z,/,y) 

s=l 

3 

= [{^i.yL){XJ,Z) - {Vi,xL){Y,IsZ) + {Vj^yL){I,X,Z) - {\7j^xL){IsY,Z) 

s=l 

3 ^ 

+ 2 ^ [(Vy£)(X, Z) - (Vxi)(r, Z) + (VyL)(/«X, /«Z) - (Vxi)(/.r, I,Z) 



The second Bianchi identity gives J2{x v z) '^xPi{Y, Z) = mod g,iOs- Use (4.13) to see 

3 

(5.15) 3((VyL)(X,Z) - {\7xL){Y,Z)) + ^ ((VYi)(/,X, /,Z) - {VxL){IsY,IsZ)] 



s=l 



■i 

Y,[{^iszL){X,IsY) - {Vi^zL){IsX,Y) 



mod g,uJs 
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A substitution of (5.13), (5.14), (5.15) and (4.13) in (3.16) shows, after some standard calculations, 
the following identity 



■5 

(5.16) (4n + 3) [{VyL){X, Z) - {VxL){Y, Z)] + ^ [(V/,yL)(/,X, Z) - {Vi^xL){IsY, Z) 



+2 ^ [{VyL){IsX, hZy{Vj^xL){Y, IsZ)+Vj,,yL){X, I,Z)~(y xL){IsY, IsZ) 

s=l 

Taking the [3]-component with respect to X,Y in (5.16) yields 

3 

(5.17) {\/yL){X,Z)-{\/xL){Y,Z)+Y^ [{Vi^yL){IsX,Z)-{\7i^xL){IsY,Z) 

s=l 

A substitution of (5.17) in (5.16) gives 

3 

(5.18) 2n[(VyL)(X,Z) - iVxL){Y,Z)\ + ^ [(V/,yi)(X, /,Z) - xL){hY, I,Z) 



— mod g, uig 



~ mod g, lUs 



{VyL){X, Z) ~ {VxL){Y, Z)+Y1 [(VyL)(/s^, hZ) - {V i^xL){Y, I,Z) 



mod g.i^s- 



Taking the [-l]-component with respect to AT, Z of (5.18), calculated with the help of (5.17), yields 

3 

(5.19) (6n- l)[(Vyi)(A,Z) - (Vxi)(r,Z)] + 4 ^ [(V/,yL)(A, /,,Z) - {V xL){hYJ.,Z) 



s=l 



6 

(2n + l)^[(VyL)(/,A,/,Z)-(V/,jfL)(y,/3Z)] =0 mod g,uj 



= mod g,^jJs- 



□ 



The equations (5.18) and (5.19) lead to 

3 

(Vyi)(A,Z) - {VxL){Y,Z) + Y\{^yL){IsX,I,Z) - {V i^xL){YJ,Z) 

s=l 

The latter and (5.18) imply 

(5.20) (2n- l)[(VyL)(A,Z) - (Vxi)(i^,^)j =0 mod 
and Lemma 5.1 completes the proof of (5.9). 

5.2. Case 2, Z, A e H, e V. Integrability condition (5.23). 

In this case (5.6) turns into 

(5.21) V^du{Z, A, ^,) - V^dM(A, Z, Ci) = -R{Z, A, ^„ du) - \7du{T{Z, A), ^i) = 

- 2du{i,)pk{Z,X) + 2du{ik)pAZ,X) 

- 2Lo,{Z,X)Vdu{£,,,ii) - 2c^j(Z, A)Vdu(e„e,) - 2L0k{Z,X)Vdu{^u,^^). 

after using (2.3) and (2.6). Taking a covariant derivative of (5.2) along Z E H, substituting in the 
obtained equality (5.1) and (5.2), and anti-commuting the covariant derivatives we see 

(5.22) y^du{Z, A, e.) - y^du{X, Z, C^) = (VzB)(A, - (VxB)(Z, ^0 

- {VzL){X, lidu) + {VxL){Z, lidu) - L(A, Vzhdu) + L(Z, Vxhdu) 

+ other terms coming from the use of (5.1) and (5.2). 
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Substitute (5.22) into (5.21) use (5.9) proved in Proposition 5.2, also (5.3), (5.4), (5.5) and the 
second equation in (4.13) to get after some calculations that (5.21) is equivalent to 

3 

(5.23) (Vzl)(X,6) - {VxmZ,^t) - L{Z,ItL{X)) + L{X,ItLiZ)) - ^ 21(5,, 6)ws(^, ^), 

s=l 

which is the integrability condition in this case. The functions B(5s,5f) are uniquely determined by 



(5.24) 



An 



(Ve„B)(/,ea, 6) + i(ea, eb)L{Itea, heb) 



Proposition 5.3. IfW'^ ~ then the condition (5.23) holds. 

Proof. To prove the assertion it is sufficient to show that the left hand side of (5.23) vanishes 
mod Ug. Differentiating (5.9) and taking the corresponding traces yields 

(5.25) {Vlj^,^L){X, Y) - {Vl^xL){I-^ea, Y) - -(VyB)(X, 6) - 2(VxB)(y, ^0 

+ (V/,yB)(X,e,) + 2(V/,xB)(y,ej) - (V/^yB)(X,a) - 2(V/^.xB)(y,a) 



(5.26) {Vl^^xL){hea, Y) - {Vl^yLMca, X) = (VxB)(y, 6) - (VyB)(X, 6) 

+ (V/,yB)(X,C,) - (V/,xl)(r,6) - (V/^.yB)(X,efc) + (V/^.xB)(r,6) mod LOs 

(5.27) (V|,^i)(/,ea,r) - (4n + l)(VxB)(y,e.)-(VxB)(4y,e,) + (VxB)(/,y,efc) mod 



(5.28) -V^^,^yirL + (V3,^,^i)(e„/,;r) =3(VxB)(r,e.)-3(VxB)(4y,C,) + 3(VxB)(/,r,a). 
From equalities (5.26) and (5.27) we obtain 



(5.29) 



L{I,ea,Y) + 
= An 



v-V? 



L{l.ea,X) 



(VA-B)(r,e,;) - (VyB)(X,eO 
- (VA-B)(/fer,C,) + (V/,yB)(X,ej) - (VyB)(4.X,e,) - (V/,xB)(y,e,) 
+ [(VxB)(/,y,efc) + (V7^.yB)(X,efc) - (VYB)(/,X,Cfc) - (V/^xB)(y,efc) 
On the other hand, the Ricci identities 



mod 



(5.30) 



L(/,ea, F) = -i?(X, ea, r, e6)L(eb, /,e,) - 4nC»(^, ea)L{Y, e,) 

2(V5.L)(X,r) - 2(V5^.L)(/feX,y) + 2{y^,L){I,X,Y) 

and the first Bianchi identity (3.2) imply 



(5.31) 



Vie -V?„,A 



Lihea,Y) 



L{hea,X) 



{V^^L){hX,Y) - {V^^L){XJkY)\ +2[{V^,L){I,X,Y) - [V^X^jY) 

+ 2T(^„ r, ea)i(X, e„) - 2T(0, ea)L{hX, ea) + 2r(a, y, ea)i(/j^, e,,) 

- 2r(e„ X, e jL(y, + 2T(ej, X, ea)L{hY, - 2T(a, X, ea)L{I^Y, e,) 

- i?(X, r, ea, eb)L{eb, hca) - 4n[G(X, e„)L(r, e,) - C»(>^, ea)£(X, ej] mod cj,. 
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The second equality in (4.13) and a suitable contraction in the second Bianchi identity give the next 
two equations valid mod uig 

{V^^L){X,hY) - {V^^L){hX,Y) = (Ve^.p,)(X,r) 

- (VxPfe)fe-,n - {Vypkm,X)-pu{T{i,,X),Y)+pu{T{^,,Y),X) 

{v^,L){xj,Y) - {v^,L){i,xX) = (Ve,p,)(x,y) 

= {VxPim.Y) - [VyPjm.X) - p,{T{ik.X)X) + p,{T{^u,Y),X). 



(5.32) 



A substitution of (4.10), (4.11) in equations (3.7), together with a use of (5.9) and an application 
of (5.10) give the next 

Lemma 5.4. We have the following formulas for the Ricci 2-forms 

Pfe(6,^) = B(x,e,) -B(/feX,e,) p^{^k,x) = -]B(x,o) -B(/^^,a) 

(5.33) 1 

p,(X,e,) = ~—d{trL){X)+M{I,X,^,) 

When we take the covariant derivative of (5.33), substitute the obtained equalities together with 
(5.31), (5.32), in (5.29) we derive the formula 

(5.34) (4n + 2)[(VxB)(r,eO - (VyB)(X,C,)] + [(V/^xB)(/,l", 6) - (V/^yB)(/,X, ^,)" 

+ [(V/,A-B)(/fcr,e0-(V/,yB)(/fcX,e0] =^(^,i^) mod Us, 
where the (0,2)-tensor F is defined by 

(5.35) F{X, Y) = -R{X, Y, e„ e6)L(efc, /,e,) - 4n[G(X, ea)L{Y, e„) - ^Y, ea)L{X, e^) 

+ 2T(e„ r, ea)L{X, ea) - 2T{^,,Y, ea)L{hX, Ca) + 2T(^fc, Y, ea)L{I,X, e,) 
- 2T(C^,X, ea)L{Y, e^) + 2T{^j,X, ea)L{IkY, ea) - 2Ti^k, X, ea)L{IjY, ea) 

+ (r(a , X) , r) - (T(6 .Y),x) + p, {TiCk , ^), ijY) - p, (r(6 , i,y) ,i,x) 

- Pk{T{^j,X), Y) + Pk{T{^„Y), X) - p,{T{^,,hX), hY) + p,(r(C„ /.F), /feX). 
Solving for (Vjf B)(y, C») - (VyB)(X,C,) we obtain 



mod 



(5.36) 16n(n+ l)(2n+ 1) V.YB)(y, ^i) - (VyB)(X, 
= (8n2 + 8n + 1)F(X, Y) + i?(/,X, /,y) - {2n + 1) [F(/,X, /,y) + F{hX, hY) 

The condition = and (4.8) give 

(5.37) - R{X, r, e„, eb)L{I,ea, e^) = 4L(X, ea)£(y, /^e,) - 2i(X, ea)i(/,;y, e,) 

+ 2L(/,X, ea)i(y, e,) + 2L{X, ea)L{IjY, hfia) - 2L{hX, ea)L{Y, I,ea) 

- 2L{X, ea)L{hY, I.e^) + 2L{I,X, ea)L{Y, hea) - tr L [l{X, I,Y) - L{hX, Y) 
Using (4.13), we get 

(5.38) ~ An[Q{X,ea)L{Y,ea) - QiY,ea)L{X,ea)] = -{8n + '3)L{X, ea)L{Y, I,ea) 

+ ^L{X, ea)L{hY, ea) ~ \L{hX, ea)L{Y, ea) - ]^L(X, ea)L{I,Y, hea) + \L{hX, ea)L{Y, I,ea) 



1 1 2n~l 

-L{X, ea)L{hYJjea) ~ ^L{I,X, ea)L{Y,hea) + -^^^ L 



L{X,I,Y)- L{hX,Y) 
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From (5.37) and (5.38) we have 

(5.39) - R{X, Y, ca, et,)L{hea, e^) - 4n[o(X, e„)i(r, e,) - UY, ea)L{X, e,) 
= -(8n- 1)L(X, e,)i(r, I,ea) - ^^X, ea)L{hY, e,) + ^HhX, ea)L{Y, e,) + ^L{X, CaW^Y, hca) 
- ^LihX, ea)L{Y, I,ea) - ^L{X, ea)L{hY, I^Ca) + \l{IjX, ea)L{Y, hca) 



1 

2n' 



{trL) L{X, hY) - L{hX, Y) 



= -(8n- l)LiX, ea)L{Y, hca) ~ ^{trL) [L(X, I,Y) - L{I,X, Y) 
L{Y, ea)L{hX, ea) ~ L{X, ea)L{hY, e^)] - ^ \l{Y, ea)L{IjX, hca) - L{X, ea)L{I,Y, hea) 



+ - \L{Y, ea)L{hX, IjCa) ' L{X, ea)L{hY, I,ea) 
Since ps is a (l,l)-form with respect to Is, see Proposition 2.4, we have 

p,(T(6,/,X),/,r) = pjiea,IjY)T{^k,IjX,ea) = Pj{ea,Y)Ti^k, IjX, I,ea). 
Thus, using (4.13) we obtain the next sequence of equahties 

(5.40) Pj(r(a, X), Y) + p,{T{^k,IjX), I,Y) - pk{T{i„X), Y) - p,{T{^„hX), hY) 

L{ea,IjY)-L{I,ea,Y) - ^tr Luj{ea,Y)\ [r(Cfc, X, Ca) + T(a, /.e^) 

LieaJkY) - L(4e„y) - i-tr Lc^fe(e„, y)] [r(C,, X, e,) + T(e,, 4X, 4e,) 



(5.41) p,{T{^k,X),Y) + p,{T{^k,IjX),IjY) - p,{T{^j,X),Y) ~ pk{T{^,,hX),hY) 
- 2T{C,,X, ea)L{Y, + 2Ti^^,X, ejL(4r, - 2T(a, X, e„)L(/,y, 

= L{ea, Y) [t(6, X, I,ea) - T(^fe, e„) - T(^, , X, /feCa) + T(^, , /feX, Ca) - 2T(^„ X, e^) 

+ L(e„ /j-y) [r(6, /jX, I,ea) - r(a, X, e„)] - L{ea, hY) [T{^j,hX, hea) ~ T{^,,X, e„) 
1 



2n 



-trL 



r(a, X, hY) + r(a, Y) - T{^,,hX, Y) + T(^„ X, hY) 



The first hnc in (5.41) is equal to 

(5.42) i-tr L. L{hX, Y) + ii(r, e,) [5L(X, /.e^) - L{I,X, e^) + L(/,X, hea) - L{hX, hea) 
The second Une in (5.41) is equal to 



(5.43) —trL\LihX,hY) ~ L{hX,hY) 



The third line in (5.41) is equal to 
1 



L{X, ea) 



LihY,hea)-LihY,hea] 



LihX, ea)L{hY, hea) - L{hX, ea)L{hY, hea). 



(5.44) 



2n 



-trL 



L{hX, hY) - LihX, hY) - L{X, hY) + L(/,X, Y) 
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A substitution of (5.42), (5.43) and (5.44) in (5.41) gives 



(5.45) pj{T{ik.X), Y) + p,{T{^k, IjX),I,Y) - pk{T{^,,X), Y) - pk{T{^„ hX), hY) 

- 2T(6, X, ea)L{Y, ea) + 2T{(,,X, ea)L{hY, e„) - 2T{^k, X, ea)L{I,Y, e,) 

= ^tr L. L{X, I,Y) + ^LiY, e„) [5L{X, /,e,) - L{hX, e^) + L{I,X, hca) - L{hX, I^Ca) 
+ L{X, ea) [L{hY, I,ea) - L{I^Y, 4e,)] - L{I^X, ea)L{I,Y, hca) - L{hX, ea)L{hY, /,ej. 
The last four lines in (5.35) equal the skew symmetric sum of (5.45), which is equal to 

(5.46) - bL{X, ea)L{Y, /,e,) - ^ [l{Y, ea)L{hX, ea) - L{X, ea)L{I,Y, e^) 



L{Y, ea)L{IjX, hea) - L{X, ea)L{I,Y, hca] 



L{Y, ea)L{hX, IjCa) - L{X, ea)L{hY, I,ea] 



H trL 

2n 



LiX, UY) - L{UX, y)J - 2L{I,X, ea)L{I,Y, hea) - 2L{hX, ea)L{hY, hea). 
A substitution of (5.39) and (5.46) in (5.35) yields 

(5.47) F{X,Y) = -A{2n+l)L{X,ea)L{Y,hea)-2L{hX,ea)L{hY,hea)-2L{hX,ea)L{hY,hea). 
Inserting (5.47) in (5.36) completes the proof of (5.23). □ 

5.3. Case 3, ^ e X,Y ^H. Integrability condition(5.49). 

In this case (5.6) reads 

(5.48) V2du(^„ X, Y) - V^du{X, Y) + \/du{T{^^, X),Y) = -R{^^, X, Y, du). 

The identities below can be used to see that the integrability condition (5.48) reduces to 

(5.49) {V^,L){X, Y) + (VxB)(r, ^t) + L(Y, hL{X)) + i(T(6, X),Y) + .g(T(6, Y), L{X)) 

3 

= ^B(6,et)c^.(X,y), t==l,2,3. 

s=l 

Notice that (5.23) is the skew-symmetric part of (5.49). 

We turn to the proof of the fact the vanishing of W'^'' implies the validity of (5.49). When we take 
a covariant derivative along a Reeb vector field of (5.1) and a covariant derivative along a horizontal 
direction of (5.2), use (5.2), (5.1), (5.3), (5.4), (5.5), (5.8), we see that the left hand-side of (5.48) 
equals 

(5.50) V^du{^iX, Y) - \7^du{X, ^i,Y) + \7du{T{^^, X), Y) 



du{hY) 



X,^,)~—d{trL){X) 



+ rfu(/,y) [B(/,X, + B(X, Cfc)] 

+ duihY) [M{IkX, C^) - M{X, e,)] + giX, Y)Bidu, 6) 
- uj,{X, Y)R{hdu, - ujj{X, Y)B{Ijdu, d) ~ ujk{X, Y)B{Ikdu, ^^) 

- du{X)MiY, + du{hX)M{hY, CO + du{hX)MihY, (,) + du{IkX)M{hY, i,) 

+ -^{VxL){Y,hdu) - U/xL){hY,du) - -^{VxL){hY,hdu) + -^{V xL){hY,hdu) 

- {V^^L){X,Y) - {\I xmYX^) + L{X,hLY) - T{^,,X,LY) - T{^,,Y,LX) 

+ (X, r )B(e. , 6) + {X, r )B(6 , ) + (x, r )B(c, , a ) . 
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On the other hand, a substitution of (4.10) and (4.11) in (3.5), and an apphcation of (5.33) together 
with the already proven (5.9) and (5.23), shows after standard calculations the following equality 

(5.51) R{^,,X,Y,Z) = M{IjZ,i,)Lo,{X,Y) + M{hZ,ii)uk{X,Y) 



1 



X,i,) - —d(trL){X) 



-c^j(r,z)^B(x,a) + B(/j^,eO 

+ Wfc(y, Z) ^B(X, ij) - B(/fcX, eOj + .9(^, ^)B(5^, i^) - ^^{^. Z)M{hY, 
-LJjiX, Z)M{IjY,^,)~LUk{X, Z)B{hY,^,) ^ g{X,Y)M{Z,^,) +M{I,Z,C,)io,{X, Y) 

+ ^[iVxL){hY,Z) - {VxL){Y,hZ) + {VxL){IkY,IjZ) - {V xL){I,Y, hZ) 

In the derivation of the above equation we used the next formulas coming from (5.10) 

(5.52) (Ve„L)(/,e„X) = (4n+l)B(X,6)-B(4X,0)+B(/,X,efc) 

(5.53) (Ve,L)(e„X) = -3B(/,X, e,) - 3B(/,X, C,) - 3B(4X, ffe) + rf(<rL)(X). 

Substituting equations (5.51), with Z = du, and (5.50) in (5.48), we obtain (5.49). 
In the proof of the integrability condition we shall use the following 

Lemma 5.5. For the vertical part of the Ricci 2- forms we have the equalities 



(5.54) 



1 



(trL)2-B(^,,^,) 



1 



Pr{ir,Ck) =—d{trL)iCk) 

in 



Proof. From the formula for the curvature (3.6) and Proposition 2.2 it follows 

4?^p^(6, 6) = {^e^P]){Ijea, Cfe) + T{^i,ea, eb)T(^A;, eh, /;£„) - T(^i, gfe, hea)T{S,k,ea,eb) 
4npj(Ci, £,k) = -{Ve^Po){hea,£.k) + T(fi, Cq, ef,)T(^fc, 66, /jCa) - Ti£,i,ea,Ijet)T{£,k,eb, ea). 

Lemma 5.4 allows us to compute the divergences 

{VeaP^){Ikea,(j) = - ( Va„ B) (4 e„ ^fc ) - ( Ve„ B) (/, e„ ) 

(Ve„pO(^«ea,0) - -(Ve„B)(ea,0) - (Ve„B)(/,ea,a). 

After a calculation in which we use the integrability condition (5.23), the preceding paragraphs 
imply the first equation of (5.54). For the calculation of pi{£,i,(,k) we use again (5.23) to obtain 

(Ve„B)(/,ea,aO = -L{I,ea,Ikeb)L{ea,eb) + inMi^^^k)- 



Setting s ^ i,Y = liX in (5.57), using (4.13), (4.4) with respect to the function tr L, together with 
Lemma 5.4 we obtain 

(5.55) [(Ve,L(X,X) + {\/xmX,^^)] + [{V.X{Ia,I^X) + (V/.xB)(/,X, e.) = 

- p,{ea,X)[Ti(^,ia,ea)~TiC,,X,I,ea) • 
Take the trace in (5.55) and use the properties of the torsion listed in Proposition 2.2 to conclude 



(5.56) 



(Ve 



(cfo,^,;) + d{trL){^i) = 2p^{ea,eb)U{ea,eb) = 0, 



which implies the formula for Pi{^i,^k) after a short computation. 

Finally, with the help of Pi{CiAk) + P]{ij,ik) = i(in{n+2) ^h{Scal) 
Proposition 4.4], we also obtain the formula for Pi{^i,£,j). 



^^kitrL), cf. [IMVl, 
□ 



Proposition 5.6. IfW^^ = then the condition (5.49) holds. 
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Proof. It is sufBcicnt to consider only the symmetric part of (5.49) since its skew-symmetric part is 
the aheady estabUshed (5.23). 

Letting A = ^i,B = X,C ~ Y, D — Ca, E — IgCa in the second Bianchi identity (3.14) we obtain 

(5.57) {V^^p,){XX) - xPs^.Y) + {VyPsm.X) 

3 

+ (r(e„ X) , r ) - (r(c„ r ) , X) + 2 ^ (x, r )p. (6 , ) • 

t=i 

Setting s = j, y = IjX in (5.57), using (4.13), Lemma 5.4, Lemma 5.5 and (5.23), we calculate 

(5.58) [(V^,L(X,X) + (VxB)(X,6)] + [{ViMljXJ.X) + (V/^.jfB)(/,X, - 
p,(ea,X)[r(e„X,/,e,)-T(e,,/,X,e,)] + [(VxB)(/,X, 6) - (V/^xB)(X, a)] - 2\X\''m,.ik) 

= 2L{X,hea)L{IjX,ea)+ Pj{ea,X)\T{^,,X,I,ea)-T{i,,I,X,ea) . 

Similarly, when we take s = k,Y = IkX in (5.57), use (4.13), Lemma 5.4, Lemma 5.5 and (5.23) it 
follows 

(5.59) [{V^M.X,X) + (VxB)(X,e.)] + [{V^MhX.hX) + (V/,.yB)(4X, eo' = 
Pfc(ea,X)[T(^„X,4ea)-r(e„4^,ea)] - [{V xmhX.^j) - {V i^x^X^ij)] + 2\X\Mtj ,£.k) 

= 2L{hX, Ljea)L{X, ea) + Pk{ea, X) [r(^„ X, hca) - T{i„hX, ea) . 

Finally, replace X with liX in (5.59), subtract the obtained equality from (5.58) and add the result 
to (5.55) to obtain 

(5.60) 2[(V^,L(X,X) + (VxB)(X,C,)] = 2L{X,hea)L{I,X,ea) - 2L{I,X, I,ea)L{hX, Ca) 

- Pi{ea,X) T{(_i,IiX,ea) -T{^i,X,Iiea) +Pj{ea,X) T{^i, X, IjCa) - T{£_i, IjX,ea) 

+ pkiea, UX) [T(e„ IjX, Co) - T{^^, hX, hea) 

Now, using (4.12) and the second equality in (4.13) applied to (5.60) concludes, after some standard 
calculations, the proof of (5.49). □ 

5.4. Cases 4 and 5, eV,Y ^H. Integrability conditions (5.66), (5.64) and (5.61). 
Case 4, G V, F G i?. In this case (5.6) reads 

(5.61) V^du{^,,i,,Y) - V^du{^,,^,,Y) = -R{^,,^,,Y,du) - Vdu{T{^,,^,),Y). 

Working as in the previous case, using (5. 3), (5. 4), (5.5), substituting (4.10), (4.11) (4.13) into (3.6), 
one gets, after long standard calculations applying the already proven (5.9), (5.23) and (5.49), that 

(5.61) is equivalent to 

(5.62) (V5.B)(X,e,) - {V^M){X,i,) = LiX,I,ea)M{eaA^) - i(X, /,ea)B(e„, C,) 

- L{ea,X)pk{I^ea,(^)~T{^,,X, CaMCa, ^j) + T{^j , X , ea)M{ea, + y^{trL)M{X , a) 

2L{X, I,ea) + T{C,,X, ea)] B(e„ C.) - [2i(X, /,;e,) + T{^,, X, ea)] B(ea, ^j) + ^(tri) M{X, a)- 
where we used Lemma 5.4 to derive the second equality. 
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Case 5a, X Q H, G V. In this case (5.6) becomes 

(5.63) V^du{X, C^, Cj) - V'du{^,, X, Cj) = -R{X, e„ ^j,du) + Vdii(r(6, X), C,) = 

2du(e,)p;.(^, e^) - 2duiCk)MX, 6) + r(e., X, ea)Vdu{ea, 0)- 
With a similar calculations as in the previous cases, we see that (5.63) is equivalent to 

(5.64) (V5.B)(X,ej) + (VxB)(e„0) 



2L{X, /,e,)B(e„ 6) + r(6, X, e,)B(e„ ^,) - ^tri B(X, a) = 0. 



Case 5b, X E H, S.jAj G In this case (5.6) reads 

(5.65) y^du{X, 0, e,) - V^du{^„X, e,) = -R{X, ^,,Cj,du) + VduiT{^j,X),^,) = 

2du{^,)pkiX,^,) - 2rfu(a.)p,(X,ej) +r(^j,X, ea)Vdu{ea,Q. 

and (5.65) is equivalent to 

(5.66) {V^M){X,^j) + iVxB){CjAi) - 2B(ea, e,)i(X, /.e,) + r(0, X, ea)B(ea, = 0. 
Proposition 5.7. IfW'^ = </ien </ie conditions 5.66, 5.64 5.61 hold. 

Proof. Differentiating the already proven (5.23) and taking the corresponding traces we get 

(5.67) (V|_,^B)(/,ea, 6) + 2(VxL)(ea, e6)L(/,ea, heb) = 4n(Vjf B)(^„ ^t) 

(5.68) {Vl^^xMhea.it) - {Vl^j^,M){X,it) - 2{V,,L){XJtea)L{heb,ea) 

- 2{V,,L)ihet,ea)L{X,Itea) = 2(VxB)(eo6) - 2(V/,xB)(^,, 6) + 2(V/^xB)(6, 6)- 
Subtracting (5.68) from (5.67) we obtain 



(5.69) 



l{hea, 6) + {Vl,ueMX, 6) + 2(Ve,i)(/.e6, ea)L(X, /tea) 



+ 2 [(Vxi)(ea, fib) - (Ve,i)(X, ea)J Lihei,, hCa) 

- 2(2n - l)(VxB)(e,;,eO + 2(V,,xB)(e„6) - 2(V,^.xB)(efc, 6)- 
A use of the Ricci identities and (2.6) shows 



(5.70) 



Vle„ -V2^,xjB(^.ea,C,;) 
= -R{X, ea, hea. e6)B(eb, 6) - R{X, Ca, fs)B(/«ea, Cs) - 2cj,(X, ea)(V5,B)(/,ea, 6) 
= -4nO(X,,ea)B(ea,6) -2pfe(X,ea)B(/,ea,Cj) + 2p,(X,ea)B(/,ea,6) 

+ 2(Ve,B)(X, - 2(Ve^.B)(/feX, e.) + 2(Ve,B)(/jX, 6). 



(5.71) (V^^^,^,^B)(X,e;) = 

- i [i?(ea, /,ea, X, e6)B(e6, C,;) + i?(ea, /,ea, 6, 6)B(X, 6) + 8n(V5.B)(X, 

= -2nr,(X,ea)B(ea,e,) -4n(V^.B)(X,e,). 
Next we apply the already established (5.9) and use the condition L{ea,Isea) = to get 

(5.72) [(Vxi)(ea, eb) - (Ve,L)(X, Ca)] L{I,ei„ hca) 

= -3B(ea, ^i)L{X, hea) + 3B(ea, ^j)L{hX, hca) - 3B(ea, ^kW^X, I,ea). 
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(5.73) {V^,L){hei,ea)L{X,hea) 

= (4n+ l)B(e„eOi(^,/,eJ -B(e„ej)i(^,^,ea) -B(e„efe)L(X,/fee,). 

When we substitute (5.73), (5.72), (5.71), (5.70) in (5.69) we obtain 

(5.74) (1 - 2n)[(Vc.B)(X,^0 + (VxB)(e„6)] - [{V ^M){hX.i^) + (V/,xB)(e„6) 

+ [(V5,B)(/,X,e,) + (V/^.xB)(a,e.)] = ^i23(^), 

where Dijk{X) is defined by 

(5.75) Ajfc(^)= [2nC^{X,ea)+nT,{X,ea)~{An^2)L{X,hea)\Wa,^^) 

- Pk{X,hea) +iL{hX,hea) - L{XJjea)\M{^a,^j) 

+ \p,{X,hea) +iL{LjX,hea) + L{X,Ikea)\nea,^k). 
We also need the next Lemma, showing the symmetry of the vertical tensors B. 
Lemma 5.8. The quantities M{^i, (^j) are symmetric, 

B(6,6) =B(6,e.), s,i-l,2,3. 

Proof. From (5.24) we obtain 
(5.76) 

On the other hand, (5.10) imply 

(5.77) 2(2n+ l)(4n- 1) M{L,X,^j) -M{IjX,^^) 

= (4n+l)[(Ve„L)(/,ee„,/,X)-(Ve„L)(/,ee„,/,X)] +2(Ve„£)(/fce„X). 
Substitute (5.77) into (5.76) to get 

(5.78) 8n(2n + l)(47i - l)[B(e;,0) " B(?j-,6) 

= (4n+l)[(V2^_,^L)(/,ee„,/jeb) - (V2^^,^i)(/jee„ , /.e^)] + 2(V2^^,^L)(4ea, e^). 
We calculate using (5.9) and (5.76) that 

(5.79) {Vl,^^L){hea,eb) = (4n + l)(Ve„B)(e„ a) + (Ve„B)(J,e„, ^j) - (Ve„B)(/,e„ 6) 

= (4n+l)(Ve„B)(e„,a) + 4n[B(C„0)-B(^j-,C«) • 
The Ricci identities, the symmetry of L and (4.13) imply 

(5.80) [{\7l^,^L)ihe,^,I,et) - {Vl,,^L){I,e,^, he^) 

= C]ieb,ea)L{ea,heb) - Qieb,ea)L{ea, IjCb) + 2ujs{eb,ea){"^ ^^L){Ijea, heb) = 2\7^JrL. 
Substitute (5.80) and (5.79) in (5.78) and apply (5.56) to conclude 



„0) -B(ej,6) = ^[(Ve„B)(/,e„,0) - (Ve„B)(/,ea,^,) 



8n(4n2 + n-l) B(e„ C,) - B(e,, 6) =(4n+l) V^.tr L + (Ve„B)(ea, &) 



0. 



□ 
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The second Bianchi identity (3.14) taken with respect to A = ^i, B = (,j ,C = X, D = Ca, E = IgCa 
and the formulas described in Theorem 2.4 yield 



(5.81) (Ve.p,)(e„X) - {\7^^pM^,X) + (VxPs)(e.,^,) 



trL 



= p,(T(C„X),^,) - p,{Ti^j,X),^,) + p,{ea,X)pk{hea4^) + —Psi^k,X). 

Setting successively s = 1,2,3 in (5.81), using (5.8) with respect to the function trL and applying 
Lemma 5.4 and Lemma 5.5, we obtain after some calculations 

(V^.B)(/,X,ej)-(V5,B)(/.X,eO] - [(V^.B)(X,e;.) + (VxB)(e„a)] =a^AX) 

(v^,B)(/jX,ej)-(v^^B)(/,x,co] - [(v^^B)(x,efc) + (VA-B)(ej,efc)] =A,fc(^) 

(V5.B)(/feX,C,) - (V5^B)(/fcX,e:)l + [(Ve,B)(X,eO + (VA-B)(e„eO 

{\/^M){X,^,) + {VxBm,Q 



(5.82) 



where 



(XijkiX) = Pi{ea,Ci)Ti^j,X, Ca) - Pi{ea,^j)T{^i,X, Ca) - Pi{ea,X)pk{Itea,(,i) 

1 tr L 

+ —d{trL)(ea)T{i,,X,ea) P^{^k,X) 

An n 

PijkiX) = Pj{ea,£,i)T{^j,X, Ea) ~ Pj{ea,^j)T{^i,X, Ca) - Pj{ea, X) pkiUCa, 

(5-83) 1 trL 

- —ditrL)iea)Ti^,,X,ea) Pj{^k,X) 

An n 

lijkiX) = pu{ea,£.i)T{£,j,X,ea) - Pkiea, ^j)T{^i, X, Ca) - Pk{ea,X)pk{Iiea,^i) 

1 T 

+ {trL)d{trL){X) Pk{^k,X) 

An n 

Now we can solve the system consisting of (5.75) and (5.82). Indeed, (5.75) and Lemma 5.8 imply 

(5.84) (1 - 2n)[[{V^M)(X,^^) + (VxB)(e,,6)] + [(Vc^B)(X, C,) + {WxM){^,,^,)] 

(V4,B)(/fcX,e,) - (V4^.B)(/feX,eO] + [iV^,V){I,X,CO + (V/^.xB)(&,6) 

- {\7MI^X,W + i^hxM){^k,^j)] =Di23{X)+D23l{X). 

The last identity in (5.82) and (5.84) yields 

(5.85) 2n[{V^M)ihX,^j) - iV^M){hX,C.)] + [{V^,M)iIjX,C,) + (V/^xB)(a,6) 

- (Ve,B)(/,X,e,) + (V/.xB)(a,0)] = D,,kiX) + D23i{X) + {2n - lHjk{X). 
The first two equalities in (5.82) together with (5.85) lead to 

(5.86) 2(n+ l)[(V^.B)(/fcX,e,) - {V ^M){hX,£,,)\ + [(V4,B)(/,X, 6) - (Ve.B)(/,X, a)] + 

{V^M){hX.ik) - (Ve,B)(/,X,0)] = A^AX), 

where 

(5.87) A,,k{X) = D,,kiX) + DjkriX) + {2n - iHjkiX) + a,,fc(/,X) - ^3,,k{I^X). 
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Consequently, we derive easily that 

(5.88) 2{n + 2)i2n+l)[iV^M)ihX,Q - (V5^.B)(4X, e.) 

= (271 + 3)Ajk{X) - A,k^iX) - A^jiX). 

The second equality in (4.13) together with (4.12) and Lemma 5.4 applied to (5.83) and (5.75), after 
standard calculations, give 



+ ^L{ia, ea) [ - B(ea, 6) - 3B(/,.ea, (j) - 2B(/je„ a) 



+ -Lil.X, ea) [3M{hea, - B(ea, Cj) + 2B(/«e„ &) 



1 



L{IkX,ea) 



e„e.) + 5B(/,e„e,)-B(e„&) 



2n 



itrL)MihX,^k) 



(5.90) j^jkiX) == — {trL)M{IkX,Ck) 



(5.91) A,fc(X) + DJk^{X) + {2n - lHjk{X) = ^^^L(X, e.) [B(/,ea, 6) + IB(/,e„ 0) 



+ -HI^X, ea) [ - (2n + 1) B(e„ e,) + (2n + 3) B(4e„ ^j) + 8B(/,ea, 6) 
+ iL(/,X, ea)[- (2n + 3)B(4ea,e.) - (2n + 1) B(ea, fj) - 8B(/,ea, ^fc) 



1 - lOn 



L{IkX,ea) B(/jea,6) -B(J»ea,^j) 



+ ^ (trL) [(1 - 2n)B(/,X,e.) + (1 - 2n)M{I,X,^,) + SnM{IkX,ik) 
A substitution of (5.89), (5.90) and (5.91) in (5.87) shows 

(5.92) {X) = ^ {tr L) [(1 - 2n) B(/,X, 6) + (1 - 2n ) B(/,X, e,) + (871 + 6) B(4X, ^fc)] 



+ -L(X,e„) [{2n + 



ea,^,^) + (2n + 3) B(/,ea, 0) + 2B(4-ea, 6)] 



+ -L{hX. ea) h (2ri + 3) B(ea, 6) + (2n - 3) B(4ea, 0) + 4B(/,e„ ^fc)] 
+ -^L{LjX, ea) h (2n - 3) 8(4-6,, 6) - (27i + 3)B(ea,C,) - 48(7,6^,6)] 
+ -L{IkX, ea) [- (10n + 9)B(/,ea,^0 + (lOn + 9) B(/,ea, 0) " 



Plugging (5.92) in (5.88) and using (4.12) we obtain 



(5.93) {V^M){IkX,£,,) - {V^M){hX,S,i) = -{trL)M{hX,^k) 

2L(4X,/,e,) +T(ej,4.X,e,)]B(e„6) - [2L(4X, /,e„) + r(e„ 4X, ej] B(e„, ^,). 

Hence, (5.62) follows. Substituting (5.62) in the first equality of (5.82) we obtain (5.64). Inserting 
(5.64) in (5.74) we see (5.65). □ 
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5.5. Case 6, ^k,£,ii£,j G V. Integrability conditions (5.95) and (5.97). 
Case 6a, £,k,^i,£,j € V. In this case the Ricci identity (5.6) becomes 

(5.94) V^duiCk, e,:, 6) - V2d7.(6, e,) = 6, ^j,du) - Vdu{Ti^kA^), C,) 

= 2du{£_i)pk{^k,£.i) ~ 2du{^k)Pi{£.k,£.i) + Pj{Ikea,£,k)'^du{ea,^j) + ^tr L V du{^j , ^j) . 
After some calculations we see that (5.94) is equivalent to 

(V5,B)(e,,a-) - (V^,B)(C,,eO +B(4-ea,Cj-)B(ea,6) -B(^.:ea,ej)B(ea,6) 

- Pi{Ikea,^k)V>{ea,£,i) + PA;(/iea,6)B(ea,Cfe) - Pj(4ea,4)B(eQ,^j) 

1 

2^ 

Using Lemma 5.4 and the above equation shows that the integrability condition in this case is 



trLB(6,6) - trLM{ik,Ck) - 2irL B(Cj, Cj) 



= 0. 



(5.95) (Ve,B)(a,0) - (V^,B)(e.,0) = ^(tri) [B(e„C,) - 2B(^„ 0) + B(a, ^0] 

+ 2B(ea, eOB(^ea, 6) + B(ea, eOB(/fcea, ^j) + B(/,ea, 6)B(ea, 0)- 
Case 6b, ^k,£,j,£,j G Here, equation (5.6) reads 

(5.96) V^dui^k, 6", 6) - ^'du{^,,^k,W = -R{^k, ^j,^j,du) - Vdu(T(6, fj), fj) 

= 2dw(eO/Ofc(a-,^j) - 2du{^k)p^{^kAJ) - P^(/feea,Cfe)Vdu(ea,ej) - ^(i'-i) Vdw(6,0). 
A small calculation shows that (5.96) is equivalent to 

(5.97) (v^^B)(efc,e,)-(v^,B)(e„e,) 



S(/fce„^,)B(ea,ej) + 3B(I,e„a)B(e„e,) + A(irL)B(6,0) = 0- 



Proposition 5.9. IfW^^ = t/ien the conditions 5.95, 5.97 hold. 
Proof. Differentiate (5.64) and take the corresponding trace to get 

(5.98) {Vl^^3){Ikea,^,) + (V^^j,e.B)(6,^,) = 

2(Ve,i)(/fce6, /jea)B(ea, 6) + 2L(/feeb, /jea)(Ve,B)(ea, 6) 
-(Ve,r)(^„/fee,„ea)B(ea,^,)-r(e„/fcef„ea)(Ve,B)(ea,0) 

+ -^d(trL)(ea)B(/fcea,a) + ;:^(ir L)(Ve„B)(4ea, 6). 
Zn Zn 

On the other hand, the Ricci identities, (5.24), (2.6) and (4.13) yield 

(5.99) i^l,i,eM^'^^^i) = -4n(V4,B)(e„0) + 4(irL)B(C„C,) -4(trL)B(e„^.). 

(5.100) {Vl^^3){Ikea,^j) - (V|^^,^B)(4ea,e,) + 4nCfe(6,eJB(ea,ej) 

- 2p,(ea, e»)B(/fcea, a-) + 2pfc(ea, 6)B(4ea, 6) + ea, e6)(Ve,B)(4ea, 0) 
= 4n( V^. B) (Cj , a ) - 2( V^, L) (e„ efc) (L(/, e„ /feCfc) + 4nCfc (6 , e„)B(ea , ) 

- 2p,(ea, e»)B(/feea, a) + 2pfc(ea, 6)B(/fce„ + r(6, e„ eb)(Ve,B)(/fce„ e^) 
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Substituting (5.99) and (5.100) in (5.98) we come to 

(5.101) 4n[(Ve,B)(e,,efe) - (V^,B)(e.,e,) 

= 2(Ve,£)(/fceb,/,ea)B(ea,C«) +2^(Ve,B)(ea,eO + (V4,i)(eb, ejj ^(46^, /je,) 

- B(ea, Q [4nCfc(6, ea) + (Ve,T)(e„ heb, ej] + [2p,(e„ ^,) + ^d{tr L){ea)\ B(4ea, ^0 

- 2pk{ea, CMhea, + T{^^, hea, efc) [(Ve,B)(e„, - (Ve„B)(efc, (j) 

+ ^{trL){VeM)ihea,^k) - 4(irL)B(0,ej) + 4(trL)B(eo6) 
With the help of (5.51), the symmetry of L, and the divergence formulas (5.52) and (5.53) we find 

(5.102) 4nCfe(6,e,) = (4n + l)B(4e„ e.) - IB(ea, C,) + B(/,e„ ^fe) + -^d(tri)(/,e,) 

4n 

= -i [\/L{eb,Iiea,Ikeb) + VL{eb,ea,Ijeb) + VL{eb,Ikea,Iieb) + VL{eb,Ijea,eb)] ■ 
It follows from (4.12) that 

(5.103) {Ve,T){^„Ikeb,ea) = ^{\7e,L){Ijeb,ea) - |(Ve,L)(/fcef„ /,e„) + J(Ve,L)(efc, /jCa) 

+ ^(VetL)(/ieb,4ea) - ■^d{trL){Ijea). 

Adding the last two equations we see 

4<fc(^„ea) + (Ve,r)(C^,4e,,eJ = 4nB(/fcea6) - 4ni?(/,e,a-)- 

Using in (5.101) the above identity, Lemma 5.4, (5.49), (5.23), together with L{eb,Iseb) = 0, a long 
calculation gives 

4n(V^.B)(a,e,) -4n(V5,B)(e„e,) = '^{trL)Bi^^,Q + 2{trL)B{C,,^,) + 2{trL)B{Ck,^k) 

8nB{Ijea, £.k)B{ea, £,i) + ^nB{ea, £,i)B{hea, ^j) + 4nB{Iiea, ^k)B{ea, ^j). 

Hence (5.95) is proven. 

The other integrability condition in this case, (5.97), can be obtained similarly using (5.66) and 
the Ricci identities. □ 

The proof of Theorem 1.2 is complete. 

6. A Ferrand-Obata type theorem 

The group of conformal quaternionic contact automorphisms is a Lie group, which follows for 
example from the equivalence of a qc structure with a regular normal parabolic geometry. We thank 
A. Cap for explaining this point to us. 

A standard application of Theorem 1.1, Theorem 1.2 and Corollary 1.3 (following [Wl, W2]) 
gives a proof of Ferrand-Obata type theorem concerning the (4n-|-3) dimensional sphere established 
in a more general situation for a parabolic structure admitting regular Cartan connection in [F]. 

Recall that the unit sphere S in quaternionic space has a natural qc structure, namely, the 
standard 3-Sasakian structure on the sphere, cf. Section 2.2. 

Theorem 6.1. Let {M,ri) be a compact quaternionic contact manifold and G a connected Lie 
group of conformal quaternionic contact automorphisms of M . If G is non-compact then M is qc 
conformally equivalent to the unit sphere S in quaternionic space. 
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Proof. The argument follows elosely the proof of the CR case and has two steps. The first step 
is to show the local equivalence to the sphere. This is done analogously to the CR case [Wl] or 
[W2] . The key of the proof is the existence of an invariant one form of contact structures when M 
is not locally qc-conformally flat. In our case this is achieved with the help of the qc conformal 
curvature tensor W'^'^, namely 77* = ||V1^^'^||t7, cf. Theorem 1.1 and Corollary 1.3. Let Gi be a 
one-parameter subgroup of G with infinitesimal generator Q. Suppose M is not locally flat, it is 
enough to show that Gi is compact, which will be a contradiction with the non-compactness of G 
by [MZ]. Let U he a non-empty connected open set where W'^''' does not vanish. Consider 77* only 
on U, where it is an invariant form under conformal qc transformations. Let ^1,^27^3 be the Reeb 
vector fields of the form 77*. We have -Cgyy* = and ^gCj = 0. On U we can decompose Q uniquely 
asQ ^Qh + V]{Q)^]- By [IMVl, Corollary 7.5], the function / = J2^j^iiVj{Q)? does not vanish 
identically. For a sufficiently small e define the set = {m <E U : f > e}. Notice that /(m) — > as 
m — > dU and thus Ue is a closed subset of M hence a compact. Furthermore is invariant under 
the flow of Q since 

Qf = Ej=i?7;((5)[(^Q^;)(Q) + Vji[Q,Q])] = 0, and also under the closure of 
Gi. Let P be the principle bundle over {U,r]*) with fibre isomorphic to Sp(n)Sp(l) determined by 
the qc structure 77* , and the part over U^. From the above considerations is invariant under 
the closure Gi. By [Ko, Ch. I, Theorem 3.2] Gi embeds as a closed submanifold of P^. Hence Gi is 
compact and the proof of step 1 is complete. 

The second step is to show the global equivalence, which is done in [K, Proposition D], see also [K, 
Problem E (a)] and for the CR case [L]. The analysis there involves the dynamics of one-parameter 
groups of qc conformal automorphisms. □ 

Remark 6.2. a) The dynamics of one-parameter groups of conformal automorphisms has been 
studied in the more general setting of boundaries of rank one symmetric spaces in [F] , which results 
in the proof of a general Ferrand- Obata type theorem established in [¥]. 

b) We note that the properties of the curvature of the Biquard connection investigated in the 
paper allow to apply the analysis of [S] to the case of a qc structure (Proposition 3.2 supports [S, 
Lemma 4.1], the quaternionic contact parabolic normal coordinates of [Ku] supply the pseudohermi- 
tian normal coordinates 0/ [.IL] in the quaternionic contact case) and, thus, a proof of Theorem 6.1 
could be obtained following the approach of [S] . 
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